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Problem 1.18
Use the method of example (3) (p. 28) to show that

asinwt + asin (wr + 6) + asin (wr + 28) + -+ + asin [wt + (n — 1)§]

. (n—1) |sinné/2
= @ sin |wf 4 - ] ———
2 siné/2
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Problem 1.19
If we represent the sum of the series

acoswt + acos (wt + &) + acos(wt +28) + - -+ acos [wr + (n ~ 1)8]

by the complex exponential form
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PROBLEM 1 Damping Ratio
The logarithmic decrement is defined in terms of the ratio of two sequential
maxima 0
0=In—~—,
z(t+T)

where wyT" = 27. Show that that the damping ratio ¢ is related to the loga-
rithmic decrement via the following relationship:

¢ )
* VAr? £ 82
This provides a way of calculating the damping ratio from the logarithmic
decrement.
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1. In a plasma the charges are free. Consider a free
point charge ¢ in a uniform and monochromatic electric
field E = F exp(—iwt)z, where & is the unit vector in =
direction. (The physical electric field is given by the real
part of E.) Show that the displacement of the charge is

z=Xexp(—iwt), X =-— g . (1)

T 2

where m is the mass of the charge. If there are N such
free charges per unit volume, what is the polarization
density associated with the charges? Argue that the rel-
ative permittivity can be written in the form

£ | =
ol

S
veok

€ — 1 —

and find w,. Note that for w < w,, ¢, is negative.
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4 Equation of motion #1451 2V forced mass spring damping e I
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Problem 4.12
The figure below shows two identical LC circuits coupled by a common capacitance C with the
directions of current flow indicated by arrows. The voltage equations are

V[ e Vz = Ldllx
dr
and
v vy =i dle
ds
whilst the currents are given by
d d
S g, Lt
t dr
and
dgs
e ]
dr .

Solve the voltage equations for the normal coordinates (I, +/ ») and (I, — 1) to show that the
normal modes of oscillation are given by

|
= =1 at w‘?I‘m

LC
and
e .3
la = —[b at w‘i = E
Note that when I, = I, the coupling capacitance may be removed and ¢, = —q2. When I, = I,
q2 = =2q1 = —243.
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Problem 4.13
A generator of e.m.f. E is coupled to a load Z by means of an ideal transformer. From the diagram,

Kirchhoff’s Law gives
E=—e;= iw‘Lph 4 inI;

and
[222 = €3 = inI, i iu)L_Jg.
Show that E/I,, the impedance of the whole system seen by the generator, is the sum of the primary

impedance and a ‘reflected impedance’ from the secondary circuit of w*M?/Z; where
Z, =25+ iwL;.
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Problem 5.9

In the figure, media of impedances Z, and Z3 are separated by a
medium of intermediate impedance Z, and thickness A/4 mea-
sured in this medium. A normally incident wave in the first
medium has unit amplitude and the reflection and transmission
coefficients for multiple reflections are shown. Show that the total
reflected amplitude in medium 1 which is

R+ (TR'(1 +rR +r’R™...)
is zero at R = R’ and show that this defines the condition
Z% e Fada

(Note that for zero total reflection in medium 1, the first reflection
R is cancelled by the sum of all subsequent reflections.)
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hen the source and observer are not moving in the same direction

Problem 5.27
Show that in the Doppler effect w

that the frequencies
ve ,,
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valid if u and v are not the actual velocities but the components of these vel

direction in which the waves reach the observer
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Problem 5.28

In extending the Doppler principle consider the accompanying figure where O is a stationary
observer at the origin of the coordinate system O(x,r) and O' is an observer situated at the origin of
the system O'(x’, 1") which moves with a constant velocity v in the x direction relative to the system
0. When O and O’ are coincident at 1 = t' = 0 a light source sends waves in the x direction with
constant velocity ¢. These waves obey the relation

0= x? — c*t*(seen by 0) = x> — ¢*"*(seen by 0'). (1)
Since there is only one relative velocity « the transformation
x" = k(x - vt) (2)
and ‘
x=k'"(x" 4+ vt") (3)

must also hold. Use (2) and (3) to eliminate x” and ¢’ from (1) and show that this identity is satisfied
only by k =k' = 1/(1 ~ 82)"/2, where = v/c. (Hint—in the identity of equation (1) equate
coefficients of the variables to zero.).

0 (xt) o xt)
« Vi e
0 = 0

This is the Lorentz transformation in the theory of relativity giving

X~ vt x'+ ot
X . —t 3;2‘ ‘“J"j"éﬁ
=g (1~ 5%)"
o ety ?)x) (' + (v/c)x)
(1-p2)Y*"° (1-p82)'2
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Problem 6.13
On p. 121 we discussed the problem of matching two strings of impedances Z, and Z; by the
insertion of a quarter wave element of impedance

Repeat this problem for the acoustic case where the expressions for the string displacements

Yis Ve Mt

now represent the appropriate acoustic pressures p;, p, and p,.
Show that the boundary condition for pressure continuity at x = 0 is

A+ By =A>+ B
and that for continuity of particle velocity is
ZI(AI ""Bi} = Zl(Ag ~ B3)

Similarly, at x = [, show that the boundary conditions are

Agﬂwik?{ 5 th’i%:; = A3

and

Z, Ay
AT -
when
e s
Z:=2Z1Zy and [= -
. 4

(Note that the expressions for both boundary conditions and transmission coefficient differ from
those in the case of the string.)
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Problem 6.17
Waves near the surface of a non-viscous incompressible liquid of density p have a phase velocity
given by

i

: ¢ Tk
) {\A) - i'é— e ‘—E tanh kh
k= pl

where g is the acceleration due to gravity, 7 is the surface tension, & is the wave number and 4 is the
liquid depth. When i << A the liquid is shallow: when / = A the liquid is deep.

(a) Show that, when gravity and surface tension are equally important and 2 > A, the wave velocity
is a minimum _at vl = 4¢T/p, and show that this occurs for a ‘critical’ wavelength
A = 2(T/pg)'"?

(b) The condition A >» A, defines a gravity wave, and surface tension is noeh
grawty waves in a shallow liquid are non-dispersive with a velocity v =

6.16).

(c) Show that gravity waves in a deep liquid have a phase velocity v = /g /k and a group velocity

of half this value.

{(d) The condition A < A\, defines a ripple (dominated by surface tension). Show that short ripples in
a deep liquid have a phase velocity v = /Tk/p and a group velocity of %— v. (Note the anomalous

ible. Show that
/¢h (see Problem
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