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Abstract
The number of ways to tile an n-board (an n × 1 rectangular board) with (1/2, 1/2; 1)-, (1/2, 1/2; 2)-, and
(1/2, 1/2; 3)-combs is T 2

n+2 where Tn is the n-th tribonacci number. A (1/2, 1/2;m)-comb is a tile composed
of m sub-tiles of dimensions 1/2×1 (with the shorter sides always horizontal) separated by gaps of dimensions
1/2×1. We use such tilings to obtain quick combinatorial proofs of identities relating the tribonacci numbers
squared to one another, to other combinations of tribonacci numbers, and to the Fibonacci, Narayana’s cows,
and Padovan numbers. Most of these identities appear to be new.
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A 22-board tiled with metatiles of length l ≤ 3. Each bold vertical line represents a (1/2 × 1)
sub-tile and is aligned with the middle of the sub-tile it represents. Bold horizontal lines indicate
which sub-tiles are part of the same comb. In the case of the l = 3 mixed metatiles, only one
element of each pair is shown. Dashed lines show boundaries between metatiles. The symbolic
representation is above each metatile. σ for the mixed metatiles appears below.

Background
Enumerating tilings of finite boards can give a physical picture of various integer sequences. For example,
the number of ways to tile an n-board (a linear array of n square cells) with squares and dominoes is the
Fibonacci number Fn+1 where Fn = Fn−1 + Fn−2 + δn,1, Fn<1 = 0, and δi,j is 1 if i = j and 0 otherwise.
Likewise, T 2

n+2, where Tn = Tn−1 + Tn−2 + Tn−3 + δn,2 and Tn<2 = 0, equals the number of ways to tile
an n-board with half-squares (h), (1/2, 1/2; 2)-combs (f), and (1/2, 1/2; 3)-combs (c). Such combinatorial
interpretations of integer sequences can be used to give quick intuitive proofs of identities rather than by
using algebra.

A tiling which includes fractional length tiles and/or tiles with gaps, such as combs, can be reduced to
a tiling using metatiles. A metatile is a grouping of tiles that exactly covers an integer number of cells and
cannot be split into smaller metatiles. Evaluating the number of metatiles of a given length is the key to
obtaining convolution-type identities via this class of combinatorial interpretation.

A metatile is said to be mixed if it contains more than one type of comb. The only metatiles which are
not mixed are h2, f2, and c2. We therefore just need to count the mixed metatiles. This is made easier by
the fact that mixed metatiles occur in pairs: the other member of the pair is obtained by exchanging the
two sub-tiles within each cell of the board. We then obtain recursion relations for the number of metatiles
with a given ending σ which is a 2-digit string specifying the final two sub-tiles.

Key results
• 7 new identities relating T 2

n and Tn. E.g., Tn+1Tn =
∑n

l=2(Tl + Tl−2)T 2
n−l+2.

• A new identity relating T 2
n , Tn, and F 2

n .

• 2 new identities relating T 2
n , Tn, the Narayana’s cows numbers (given by cn = cn−1 + cn−3 + δn,0,

cn<0 = 0), and the Padovan numbers (given by pn = pn−2 + pn−3 + δn,0, pn<0 = 0).
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