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Abstract
We consider the tiling of an n-board (an n × 1 rectangular board) with third-squares (1/3 × 1 tiles with
the shorter sides always aligned horizontally) and (1/3, 2/3)-fence tiles. A (w, g)-fence tile is composed of
two w × 1 subtiles separated by a g × 1 gap. We show that the number of ways to tile an n-board using
these types of tiles equals F 3

n+1 where Fn is the nth Fibonacci number. We use these tilings to devise
straightforward combinatorial proofs of identities relating the Fibonacci numbers cubed to one another, to
other combinations of Fibonacci numbers, and to the Pell numbers. Some of these identities appear to be
new. We also show that for p = 2, 3, . . ., the number of ways to tile an n-board using either 1/p × 1 tiles
and (1/p, 1− 1/p)-fences or (1/2p, 1/2− 1/2p)- and (1/2p, 1− 1/2p)-fences is F p

n+1.
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A 15-board tiled with all possible metatiles of length less
than 3. Dashed lines show boundaries between metatiles.
Third-squares (t) are coloured magenta, green, and blue;
fence tiles (f) are coloured yellow, orange, and red.

Background
Enumerating tilings of finite boards can give a physical picture of various integer sequences. For example,
the number of ways to tile an n-board (a linear array of n square cells) with squares and dominoes is the
Fibonacci number Fn+1 where Fn = Fn−1 +Fn−2 + δn,1, Fn<1 = 0. These combinatorial interpretations can
be used to give quick intuitive proofs of identities instead of using algebra. A tiling which includes fractional
length tiles and/or tiles with gaps, such as fence tiles, can be reduced to a tiling using metatiles. A metatile
is a grouping of tiles that exactly covers an integer number of cells and cannot be split into smaller metatiles.
Evaluating the number of metatiles of a given length is the key to obtaining convolution-type identities via
this class of combinatorial interpretation.

Key results

• Two new combinatorial interpretations of F p
n for p = 2, 3, . . ..

• A new method for enumerating metatiles of a given length.

• 7 new identities relating Fn to the Pell numbers Pn (where Pn = 2Pn−1 +Pn−2 + δn,1, Pn<1 = 0). E.g.,

Fn+1FnFn−1 = 2
n−1∑
k=1

PkF
3
n−k.
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