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Mahidol University

4.1 Operator method

For the simple harmonic oscillator in one dimension, the Hamiltonian is given by
P2 mw?
H=—+4+—Xx?
2m + 2 ’

where P and X are the momentum and position operators, respectively. We will define two new operators
called @ and ' in terms of X and P:
mw 1P
a = — X+ —
2h < mw>

Y L
“ 2h< mw

Note that a is not Hermitian (a # a') and hence not an observable. Next we will consider

2 .
T — %XQ P LXP
aa on Xt D T 0T
1 P? mw? )
N X2) 4+ — (i here [X, P] =i
m(2m+ 5 )+2h(zh), where [X, P] = ih
_ H 1
 hw 2
1
=H = m(anwz) (4.1)

The commutator relation between a and a' can be calculated using [X, P] = ih:

2 . 2 .
M gal —atae ™ y2, 7 p g MWy P70
[, a'] = aa® —ala = o ot o X 5 hmw 2

[X,P]=1
We will define N = afa and call it a “number operator”.

1
In this sense, N is only different from H by a constant, in particular [H, N] = 0, and hence we can label
eigenstates of H using eigenvalues of N. Suppose that n and |n) are eigenvalues and eigenstate of N,

respectively, such that
N|n)=n|n).
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Now consider
Na|n) a'aa |n)
= (aaT —1)a|n), sincea'a= aat —1
= a (aTa —1) |n)
(n—1)[a|n)]

Therefore, the sate a|n) is the same state as |[n — 1) since they both have the same eigenvalues for N, that
is,

n—1) = Ch_1a|n).
In other words, the operator a lowers the eigenstate of N by one unit, and hence we called a the lowering
operator. The lowering of the state must have a limit. So, there must be the unique ground state such that

a|0) = |0),

where |0) denotes the ground state with N |0) = 0]0). Since |0) is a ground state, a cannot lower its state.
In the |z) basis, this equation becomes

whose solution is

1/4
where C' = (%) is the normalization factor. We can find the eigenvalues for H or “eigen-energies” from
m
ald) = 0
= NI[0) = da'al0)
1 hw

hw
Therefore, the eigen-energies for |0) is R which is the ground state energy of SHO. Note that the ground

state energy, which includes quantum fluctuations, is not zero, as we expect for classical SHO. Now, we can
create the higher energy states form the ground state |0). Consider

N (a'|n)) = dlaa' |n)
= a' (a'a+1)|n), since aa’ —ala=1
= (n+1) [aT In)] . (4.2)

The state af [n) is the same state as |n + 1). Therefore, the operator a' is called the raising operator. We
note that we can find the relationship in Eq. 4.2 and Eq. 4.2 using the commutators

[N, aT] = af
[N.a] = —a
So now, using af, we can create a “tower” of states starting from the ground state |0):
1) = Ciat|0)
2) = Cadll)
2) = Csall2)

|n) = Cpa'ln—1)
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where C,, are constants to be determined using the normalization condition, that is, (n|n) = 1:
(n+1n+1)=1=|Chi1]* ((n|a) (aT In)) =|Cpy1]? (n | aal |n) = Crg1? (n | ala+1 |n) = |Cry1]?(n+1) =1

Therefore,
1

vn+1

Cvl+1 =

and we have

n+1) = alln) or a'ln)=vn+1jn+1).

1
vn+1
Similarly, for the lowering operator a, we have

(n—1n—1) =1= [Cyr_1]* ({(n|a’) (a|n)) = |Cp_1|* (n | ata |n) =|Chal’n=1

Therefore,

Cn—l = %

and we have 1
In—1)=—aln) or aln)=+nln—-1).

Jn

So, given that |0) is normalized, all |n)’s generated using a' will also be normalized. In general, we can
create |n) from the ground state by applying a':

A () M ()’ N G
VLR Ay ms U By ray oy e LU 0).

n)

We also note that |n) form an orthonormal basis, in particularly,
(n|n') = 6pnr.

So, the eigenvalue problem for SHO is completely solve with

H|n>:hw(n+;> In) = En |n),

where F,, = hw (n + %) is an eigenenergy and |n) is the associated eigenstate. Now some of you might ask
how we know that there is no other eigenvalue with n being non-integer. So, let |a) be an eigenstate with

1
the associated eigenvalue E, = hw (a + 2) with a ¢ Z:

H|a) = Eq |a)
Now we lower the state |a) using a*, for some k& a will be negative, that is, o — k < 0 but
(o — klaTala — k) = (@ — k|Nja — k) =a — k > 0,

which is a contradiction. Also, as we will see that the energy of SHO cannot be negative since both kinetic
and potential terms are always positive. Therefore, negative n or negative energy is not allowed. Therefore,
n € Z and af guarantees that all positive integers are included with n = 0 being the unique ground state.
Hence:

1. All eigenstates are included.
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2. |n) forms a complete basis for the Hilbert space H.

3. Once |n) is chosen as a basis, all operators can be represented in a (countably infinite dimension)
matrices using the |n) basis.

For the position operator X, we have

h h
(n'| X |n) = <n’ ST (a—|—aT) n> =\zo {5n7n/+1\/ﬁ+ 5n/7n+1\/ﬁ}
In a matrix from, we have
0 Vi 0 0 0
Vi 0 v2 0 0
7 0 V2 0 V3 0
X=y\l5. 5] 0 0o V3 0 vi
0 0 0 V4 0
Similarly, for the momentum operator, we have
hw hw
(n"|P|n)= <n’ i/ 7m2 (—a+a) n> =i —m2 [—5n,n/+1\/ﬁ + 5n/7n+1\/ﬁ]

and in a matrix form,

0 —vV1 0 0 0
Vio0 —v2 0 0
mho | 0 V2 0 —/3 0
P=1 T 0 \/g 0 —\/41
0 NZ

You can check that [X, P] = ihl; however, note that both X and P are not of finite dimension (do you
remember Question 3 in Problem Set 2?) We can write a, af, and H in the matrix form using the |n) basis;
I will leave that as an exercise for you.

Now if we want to write the wave function (x|n) for the state |n), we can start from the following relation

and “project” |n) onto the position basis

(aT)n N\ 1 % n+1/2 _ii n e
T pl/4y/ong) h A v

Vvn!
This function will generate the Hermite polynomial. Let y = 4/ ?z, then we can rewrite the above equation

¢n(®) = (x[n) = <x

as

Pn(x) = <33N>=<33

> o0 = G () [(-5) )
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which can be compared with the solution we obtain from the previous section:

1 mw
¢n(y) = (2”n!)1/2 (E

By comparing these two equations, we obtain the formulation for the Hermite polynomials, that is,
2 d\" _.:
eV PH,(y) = (y_dy) o
S Hyy) = 2y L Ry

We can use this expression to generate the Hermites polynomials. Note that this expression is consistent
with Ho(y) =1 and Hy(y) = 2y.

1/4
) e, ()

4.2 Hermite Polynomial H,(y)

Some part of this section might be too much mathematical, which might not provide you with any physics
insight. However, I still encourage you to go through physics this section and hopefully you can appreciate its
nice result at the end. In this section, we will discuss in more detail properties of Hermite polynomials since
they play the most important role in the eigen-wavefunction of the harmonic oscillators. From the previous
section, we have learned that the eigen-wavefunction ¢, (y) for the harmonic oscillators can be written as

On(y) = NoHy(y)e 2V, (4.3)

[mw
where N,, is a normalization factor, y = Tm, and H,(y) is the Hermite polynomial of order n. The
differential equation that we have solved to obtain the Hermite polynomials is

H"(y) —2yH'(y) + (2¢ — 1) H(y) = 0.

The Hermite polynomial can be expressed in terms of a generating function S(y, s), where

S<ya 8) = eyz_(s_y)Z — 6—82+23y
1
= > ] (—s? +2sy)" (4.4)
n=0

i
(]2
&
S
V)
3

n=0
In order to obtain the equation above, all we have to do is to match the power of s, and the polynomial in
y with the same power n of s will give us the Hermite polynomial of order n. For example,

n n' term in Eq. 4.4 s" term Hy,(y)
0 1 1 1
1 —s2 4+ 2sy (2y)s 2y

st — 483y + 45%y?
2!

(2y2 — 1) 52 4y? — 2
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Note that a powder n of s is associated only with powers of y that are equal to n or less than n by a multiply
of two. Therefore, if all terms of the Hermite polynomial must have either odd or even power but not both.

So, how dow the generating function help us? It turns out that if we can write S(y, s) = i H;;('y) s™, then
we have "

S(s=0) = Ho(y)

% oy = Haly),

which make it more convenient to calculate the Hermite polynomial. And since we can write
S(s,y) = eV "0V,

the derivative to order n of S(s,y) can be readily calculated, that is,

oS > 02 2 2 O 2
— eV o=y — (L1 )e¥ = (s—Y)
dsn O Bsn© (=1)" ay"e
Therefore, we have
ans 2 O" 2
Hn = = —1 Y _—__e7Y s
W) = ga|,_, = (D" g ¢

which is in fact equivalent to another definition of the Hermite polynomial that we have derived in class,
that is,

2 a " 2
— (_1\ney /2 _ —y=/2
o) = (=12 (y= 5 e

So now we know how to generate H,(y) using two different generating functions, but to go back to our
question, how does it help us? The usefulness of the generating function becomes clear when we have to deal
with an integral involving the Hermite polynomials. For example, if we want to calculate the normalization
factor NV,, in Eq. 4.3. We will rewrite Eq. 4.3 in terms z

2,2

On(x) = Nan(aac)e_%a ®

where a = 4/ % N,, can be calculated from

= N, [ o
nlony = [ tou@)t do=2E [ e =,

where again we change the variable back to y = ax. The integral that we want to calculate here is

o0
/ Hg(y)e_yQ. In order to evaluate this integral we write the Hermite polynomial in terms of the generating
—o00

function S(y, s). Since we have

)

. e H,
6752+25y _ Z (y) s"

n!
n=0
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we can write

o'} - . 3 oo ktl o'} o
/ Ptasy | —tP42ty | —y” dy—zz k'l'/ Hy(y)Hy(y)e™ dy

k=0 1=0
The integral on the left hand side can be rewritten as an integral of a Gaussian.

00 )
2 2 2 2 2 2
/ e S +2sy | eft +2ty | eV dy — / 67(74 72y(8+t)+(s +2st+t ))62515 dy
—o0 —o0

eZst /00 e—y—(s+t)2 dy

— 00

— \/EeQSt ’

which can be written as a power series as

25t

For the right hand side, we will rewrite it as

ZZ m/ Hi.(y)Hi(y)e nd dy—zzslt Cki, (4.6)

k=0 1=0 k=0 1=0

that is,
2
Ckl:/ Hy(y)Hi(y)e ™ dy

Comparing Eqgs. 4.5 and 4.6, we can see that if k and [ are not equal to n, C); must be zero, which proves
the orthogonality of the Hermite polynomials. If k and [ are equal to n, then we have

o0 o0
A AL s™t"™
VT Z n! - Z n!n! Cnn
n=0 n=0
= Cpn = /12"l

Therefore, we have
/ Ho(y)Hn(y)e ™ dy = /72" 10 .

Now back to finding the normalization factor,

N, N, |?
[Nn[® i / H,( (e dy = u\/7?2”n! =1
(6%

o 1/2
= N, = [(———
" (ﬁm!)

4.3 Time evolution of Gaussian wave function

Now we will move on to a more-physics-related topic, and we will apply what we have learned about the
Hermite polynomial to help us with the next problem. The problem is a Gaussian wave packet initially
centered at x = a in the harmonic potential. The initial wave function can be described by

oy 1/4
(a,0) = (“) ot

™
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Note that if @ = 0, then ) (z,0) is the n = 0 eigenstate of the harmonic potential, and it would have been a
stead state, which is not very interesting. As you will see shortly that it is a lot of interesting when a # 0.
The question we want to answer here is, what does the time evolution of ¢ (z, 0) look like? In order to write
down ¢(z,t), we will follow the procedure that we all are familiar now, that is, we have to first expand
¥ (x,0) in terms of the eigen-wavefunctions of the harmonic oscillators.

=Y Anon(z)
n=0

where

A = (Galt) = /fo dz () (2l)
= [ o0 b
- (f) (f)”“l /°° Ho )7 b g
- (7)) (5)7 2 a

where yo = aa. Next we apply the same trick that we have see to calculate the normalization factor to
evaluate this integral for A,.

2 —yyo+3ug) dy,

/oo 6,s2+2sy e ( yo+2yo dy _ Z / H y *yyo+2yo) dy (47)

After performing the Gaussian integral that by now we are familiar with, the left hand side becomes

oo
1,2 1,2 s”y(’}
\/’71’672y0+5y0 = \/7?672?!0 E _—

n!
n=0

Equating the left hand side and the right hand side of Eq. 4.7, we obtain
/ Hy( (v*~vw0+3%) gy = \/me™ oy,

Therefore,

1/2 2\ 1/4
o o 1 yoe~ T
A, = —— i - Yo =20
(mnn!) (w) 2V = @2nt)"/?

And in terms of the eigen-wavefunctions, we can write 1 (x,0) as

ye 1% o \'? —la?e?
Z 1/2 ST H,(azx)e™ 2

The time evolution of this state can be easily written as (note that we interchange x back to y again)

Zyoe < 2 >1/2H<>5y2 B
072\t ) e e ’
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which we can rearrange all those terms and rewrite as

a? 1/4 12 12 1. e H (y) 1 . "
_ a- — Ly —L1y2Lint n - —iwt
Y(z,t) = ( - ) e 2Y Ta% T2 Z py (2yoe ) .

w

1
The last term looks the same as the generating function if we let s = §yoe* ! and hence we have

a? 1/4 ) , 1
1 1 1. ) ]
Pz, t) = (ﬁ) e”3Y Ta% T2 L axp (_4y(2)e—2wt + yyoe—zwt>

Now it is a matter of rearranging term

oz2 1/4 1,2 1,2 1. 1 i i
o = (2 g (g i)
1/4
Lo 1, L . .
= exp | =5¥" — 7% — wt — 1Y (cos 2wt — i 8in 2wt) + yyo (coswt — i sin wt)

1.
—1
2
1 1 1 1 1 1
exp f§y2 — Zyg + Zyg - §y8 cos? wt + yyo coswt + i (2wt + 1 sin 2wt — yyo Sinwt)]

2 2

1

exp | —5 (y — yo coswt)? — ip(y, t)}

1/4 o1 1
) exp —fyz — fyg cos? wt + Yo cos wt + ip(y, t)}

7N
213, 317 3l A1R A1 3

1/4
) 6_%(y_y0 coswt)? eigb(y,t)

vt =

The probability of finding the particle at later time ¢ is, therefore, equal to

2 « 200 w 2
P:W(%tﬂ :7_(1/26 o (z=acos t)v

which shows that the center of the Gaussian acoswt, where a = yo/a, moves as if it is oscillating with
the frequency w inside the harmonic potential (also see Fig. 4.1). This behavior is what we expect from a
classical object, which in this case can be represented by a Gaussian, in the harmonics potential.

4.4 Coherent States

In an attempt to create a quantum state that resembles a classical particle in the harmonic oscillator, in
this section we will discuss the coherent state. However, we will state a question that at first seems to
be irrelevant to the task we want to accomplish. That question is, what is an eigenstate of the lowering
operator?

In order to simplify the problem of finding eigenstates and eigen-energies in the harmonic potential, we have
introduced the raising and lower operators, which are defined as

X P
a = — 41—
Lo Po
+ X P
a = — —1—
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where xg = 4/ % and pg = V2hmw. The eigenvalue problem that we have to solve for the lowering operator
a is

ald) = AN,

where X is an eigenvalue and |\A) is an eigenstate. Note that a is not Hermitian, that is, a # a’. Therefore,
A can be a complex number.

We will start by noticing some similarity between [a, aT] and [X, P]; both can be described by

[a,aT] =1
i
P7 ﬁX = 1,
and since you know that we can write
hd
idx’
by the same analogy, we must be able to write
o d
a— —.
daf

In addition, we will assume that we can write the eigenstate |\) as

[A) =$(A)]0).

You might ask why we think writing |A) this way would work. The best answer I can give here is that
because we already know that we can create all eigenstates |n) of the harmonic oscillators from the ground
state |0) using a' and we can write any state in particular |\) in terms of superposition of |n). Therefore,
the eigenvalue problem becomes

d
et YN0 = Ap(A)[0)

= e = )

= Y\ = O
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We can check that |A) = Che ' |0) is the eigenstate of a:

al\) = aCre*’ |0)
> (Aah)”

= aC’,\Z oy |0>

o0 n CLT n
- o% e S

We can also calculate the normalization factor Cy. We want to calculate C' such that

(AA) = 1.
Substituting |[A) we obtained above, we have
i
AN = olcs () e o)
- |ca|2 <0|e”‘“ *‘“|o>
— a® )\a |0>,
but we know that . .
ae*® |0) = X' |0)
and hence . .
a™er |0) = A"er |0).
Therefore,
(AN =Gl (0fe*'[0)

2n

N Z' L toje* o)
So, what is (0]e*'|0)?

O 0 = (013 A (@) o)

4-11
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but (0] (aT)m |0) = 0 unless m = 0. Therefore,
(0]e*' o) = 1.
And hence we have
n
') )\|2>
N (
AN =[Gy r;) i
= |Gy e’
= C, e_l)“z/2.

Therefore, the normalized eigenstate of a is

|)\> _ e—\Alz/Q . e)\aT |0>

As you can imagine, it is difficult to visualize this state when it is written in this form. Therefore, in order
to understand this state better, we will try to write it in the coordinate basis. Hopefully, we will obtain
more insight into this state. So next we want to calculate

¥a(z) = (z|A)
From the eigenvalue equation, we know that
ald) = AN
= (zla|]A) = Az|\) = ().

In the x-basis, the lowering operator a becomes

a*£+i£—) % x+ii
Sz po V 2k mwdz )’

The equation for the wave function then becomes

\/E (x + T:w;i) Ya(x) = M ().

h
Let d> = —, then
mw

<x ¥ d;‘;) @) = Vi)

/dQ% - /(ﬂcu—x)dx

1
d?logia(z) = V2d\x — 5902 +Cy
1 2 212
= =5 (2= v2an) + (X + o)
2
= ya(x) = Cremr(eV2N) (4.8)
1\ /4
where C7 = N H+C0/4 i g normalization factor, and hence it is equal to <d2 . If we let 29 = v2d) and
™

d = 1/a, then it is clear that the coherent state in the coordinate basis is in fact a Gaussian wave packet

which centers at x = xg, that is,
2\ 1/4
a(z) = (O‘) e 30 (@=w0)”

™




Lecture 4: Simple Harmonic Oscillator and Coherent States 4-13

Figure 4.1: The coherent state of the one dimensional harmonic oscillators in the coordinate basis is a
Gaussian centered at x = xg

The coherent state resembles a classical particle located represented by a Gaussian centered at xo (Fig. 4.1),
and it is one of the closest quantum mechanical state that is analogous or can be related to a classical state
of a particle. In the next section, we will discuss the time evolution of this Gaussian wave packet in the
harmonic potential, and show the oscillation of the coherent state.

| h
How if we substitute back d = y/ —, then our wave function of the coherent state will become
mw

1/4 e
bt = (25) et

which looks very similar to the eigen-wavefunction of the ground state,

mw>1/4 o Bia?

(@l0) = do(a) = () e

The only difference is that the coherent state is translated to be centered at x = z( instead of at x = 0.
Therefore we can view the coherent state as the translated ground state to x = zo = v/2d)\, that is,

|A> = T\ﬁd)\ |O> )

where T V3dA is the translation operator of a distance V2d)\. We will next learn how to define the coherent
state using the translation operator and try to generalize our formulation.

First, let us consider properties of the translation operator. We have discussed the translation operator
before when we introduced the momentum operator as the generator of the translation. In that case, we
only consider an infinitesimal translation. However, now we are interested in a finite translation, which is
no small. The translation operator can be defined as

T, = e~ nwoP ,
where g is the amount of the translation and P is the momentum operator. We can show that

_ —LiaoP —LtgoP _ —i(x1+x2)P _
belTﬂa*e REOT e RN = o) *Trﬁ-zza
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and , .
T =eimP =enlmP = =11

which confirms that the translation operator is a unitary operator.

The transformation of the position operator X under the translation is given by
T} XT,, = el Xe~ 700l

Now, we can use the following identity to simplify this expression.

ABe A= B [A4,B] + A A B + S A A B+ =Y A"(B),

where
AO{B} =B, AI{B} = [AvB]v A2{B} = [Av [AvB]]v

From the above expression, we will let A = £zoP and B = X, and hence [%xOP, X] = %xo(—iﬁ) = xp.
Therefore, we have

i
h
Note that all higher order terms are equal to zero because x( is a scalar and hence it commutes with an
operator. From this result, we can see that the transformation of the position operator under the translation
is what we expected, that is, the position operator is translated by zy along the positive direction.

T} XT,, = P Xe #%0F = X 4 [—ugP, X| = X + 0.

Next, we will consider a case where the translation acts on the z-basis and an arbitrary state. We expect
that when the translation acts on the z-basis, it will translate = by the amount of the translation, hence
when T, acts |z), we have

Too |2y = | + 20) .
In order to consider a case, when Ty, acts on (x|, let us consider

-1

T}, |z) = Tt |2) = Tgy |2) = |2 — @0) -

Now, since in changing from |) to (|, we have

T;O |z) — (x| Ty, -
Therefore,

(@] Tyy = (2 — 2ol

Now we are ready to consider the case when T}, acts on an arbitrary state, and its wave function.

(@[T |[1) = (& = o|)) = ¥(2 — x0).

We can see that when we apply the translation to the state [¢), the wave function ¢ (z) gets translated along
the positive z-axis by the amount x( as we expected.

After defining the translation operator, we are now ready to define the coherent state using the translation
operator.

IA) = Ty, [0) = e 7207 |0) |,

| 2k
where g = V2d\ = {/ — X or A = %. Therefore, for comparison, from our previous discussion, we can
mw

rewrite the coherent state in terms of d and xq as
’L‘2 x
) = e PP/2eha |0y = e ar e va® |0)

In the homework this week, you will be asked to show that these two forms of the coherent state are in fact
equivalent.



