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We can use the perturbation theory to solve a system that is “close” to another system that has an exact
solution. For example, if H is close to Hy and we know eigenvalues and the corresponding eigenstates for
Ho, then we can use perturbation theory to approximate eigenenergies and eigenstates of H.

Suppose that the system is described by
H="Ho+ AV,

then we can solve the eigenvalue problem
H|) = El)
as a power series of A\, where we can write both the eigenenergies and eigenstates in a power series of A\. We

note that as A — 0, H — Ho and we recover the exact solution. Therefore, perturbation theory works well
if A< 1.

For this lecture, we will consider the time-independent perturbation theory using the Rayleigh-Schrodinger
formulation. We will first discuss the non-degenerate case and later will consider the degenerate separately.

8.1 Non-degenerate time-independent perturbation theory

As stated earlier, the Hamiltonian is described by
H=Ho+ NV,

where H is time-independent. H, can be solved exactly for the eigenstates |n(0)> and the corresponding
eigenenergies E,. That is,

%, ‘n<o>> — E© ’n(0>>’ <n<o> ’m<0>> —5 .
For the whole system of the Hamiltonian #, we have
Hln) = Ep|n),

where |n) and E,, can be solved perturbatively in a power series of A. For convenience, we choose

(n® n) =1,

which does not mean that |n(0)> = |n) but implies that |n) can have a component perpendicular to |n(9).

We also assume that E,(LO) are non-degenerate, i.e. E7(10) #+ Ey(,?) if n #m.
In order to solve H, we expand |n) and E,, in a power series of A,
In) = ‘n(0)> +A ’n(1)> + A2 ’n(2)> + e

E, E® + AE]D + NEP ...
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We choose the normalization condition such that
<n(0) ‘ n> = 1, VA

- <n(0)‘n(k)> - 0, Vk>0.

The second condition implies that higher-order terms are “perpendicular” to the unperturbed state }n(0)>.
When substituting |n) and E,, into the Schrédinger equation, we have

(Ho +AV) (‘n(0)> + A ’n(1)> + A2 ’n(2)> +- ) = (Ef{” +EY +EP +. ) (‘n(0)> +A ‘n(1)> + 22 ‘n(2)> +

We then group terms with the same order of A:

X H|n®) = B9 [0
PP n(1)> v >: E© ‘n(1)> +EW ‘n(0)>
A i n(k)> Ly ’<k71>> — E© ’n<k)> +EW ‘n<k—1>> ot EW }n<o>>

Note that we want to solve for |n(k)> and E,(Lk), Vk. First in order to solve for E,(Lk), we will take an inner
product of the last equation with <n(0)‘:

<n(0) ‘Ho ‘ n(k)> + <n(0) ‘ 174 ‘ n(k_1)> = E®  since <n(0) ’n(k)> = 0k,0,

but <n(0) ‘7—[0 ‘ n(k)> = EO <n(0) ‘n(k)> =0.

= |E® = <n(0) ‘ V ‘ n(k_1)> .

Now in order to find |n(’c >, we take an inner product with <m(0)| , where m # n:
(9] 5] = (] (1 1) ) ) - -0 )
(-5 o) — (o[- )5
(o) = gt 50) ) ) o)

We apply an operator

00 =1 i) (1] 5 o) o

to both sides of the above equation. We note that @Q,, is a projection operator that projects onto a subspace
that is orthogonal to |n(0)>. We have

3 ‘m(0)> <m(0) ‘n(k)> - ¥ [m®) {m ] KV_ Eﬁf)) ‘n(k_1)> ~E® ’n(k_2)> — .~ EGD ‘nu)ﬂ ’
m#n

0 0
m#n E”(l ) - E7(n)

but

3 @) {m®[n7) = 3 |m®) (m® [n®) = (o [ 2) = 32 [m @) (m® |n2) = [n),

m#n all m all m



Lecture 8: Time-independent Perturbation Theory 8-3

since <n(0) ’n(l’“)> =0 and Z ‘m(0)> <m(0)‘ = 1. Therefore, we have

all m
O (m®
m m _ _ _
) - 32 gl [ =) i)
m#n n — Hm
or
’n(k)> _ (O)L [(v _ Eg)) ‘n(k_1)> _g® ’n(k_2)> e B ‘n<1>>] ’
B —H,
where
Qv = |m®) (mO)]

EY My Sz, BY - EY
We can use the above equations for E,(Lk) and {n > to calculate any order k" term in the perturbation.

However, we note that in order to calculate E( ) and |n<k)> we have to fist know E() and |n(l)> vl < k.
Therefore, we have to start from the lowest order term and work our way up to the k*" order.

As an example, we will only consider low level calculations.

° E,Sl): first-order correction of eigenenergies
EW = <n<0> ’V ’ n<°>>,

Ey = EQ + X (00 |V|n®) + 0 (x?)

and so,

° |n(1)>: first-order correction of eigenstates

m< mON (O | | n©
‘n(1)> Z ’ E(O ’ (V—E,(ll)) ’n(o)> Z | E(O |T(r?)| >’

m#n

since <m(0) ’Efll) ‘n(0)> = 6pm,n = 0 for m #n. We let V,,,, = <m(0) ‘ 1% ‘ n(0)>.

o B B ) g

= £O _ g

and
= fny = [nO) £ A [n®) + 0 (32) [n).

2 . . .
° E7(1 ). second-order correction of eigenenergies

E® = <n(0)‘V‘n(1)>
an
= (nO|v Z ’m<o>> o
oy oy

@ _ oy lm 5 ViV
TR T ; EO-ER 27; EY - B

We can continue this process for higher order but we will stop only the second-order correction of
eigenenergies. We note that for the second-order correction,
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2) )

1. the second-order correction to the ground state Eé is always negative since E(()O) < Efqg %05 and

hence the denominator is always negative.

2. two levels that are coupled to each other such that V,,, # 0 rebels each other. That is, if E(O)

and Efn) are close (E,(,S) E,(lo) ~ €) and E,(LO) < ESL)), then

2 2
oop@ o Vel g pe) - Vel
€ €
That is, the state [n(?)) is pushed downward while |m(®) is pushed upward in energy. More
generally, there can be no level-crossing if the two states are coupled through the perturbed
potential.

We will next discuss a general structure of the perturbation expansion. For brevity, we will use the following
abbreviation

|0) = ’n(0)>, k) = ’n(k)> , and A = E® — H.

The k" —order correction of eigenenergies and eigenstates can be rewritten as

E®)

OV —1)
k) = i[(v El))\k—1> (2)|k—2>—---—E(k*1)|1)].

Some of the low-level corrections can be written as

EW = (0|V|0) = (V)

b = v

E® = (o|vi1) = <O‘V§V’O>E<VQV>

2 = Lo m=2w-w) v

E® = (0|V]2) = <O‘V§ )gV‘O>E<Vg(V—<V>)§V>

3) = (V E(l))\Q ~E®|1) = i{(V—M)Z(V—M) <VZV>}QV|O>

A few notes about the perturbation expansion:

e The expansion is systematic but it becomes long and complicated very quickly.

e The recursion relation is easy to automate.

e Alternative approaches such as the Brillouin-Wigner method have a similar structure but the equa-
tions for F,, are non-linear; however we do not have to consider non-degenerate and degenerate cases

separately.
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8.2 Wavefunction normalization

Normally, an eigenstate obtained from the perturbation calculation is not normalized. In this section, we
will attempt to interpret the correction to the eigenstate. We define the normalized eigenstate as

\n}N = 2711/2 In) and N<n|n>N =1,

where Z is a normalization factor and |n) is an eigenstate obtained from the perturbation calculation.

1
Z, =
(n|n)
= Z' = (n)=1+ Xm0 nO) ...

mn (Eéo) - Eﬁﬁf))z

For small A\, we have
Vnmvmn
m#n (Eéo) — ESS))Q

where the second term on the right hand side represents the probability for the “leakage” into other states
of order A2. We note that

= Z,~1-)\2

T

<n(0) ‘n>N = Z,ll/2 <n(0) ‘n> but <n(0) ‘ n> =1
= Z}/Q = <n(0) ’n>
N
< 2= [0,

Therefore, Zy denotes the probability of finding the perturbed eigenstate |n) in the original eigenstate !n(o)>7

which is always less than an identity since there is a “leakage” of the probability to other states |m(0)>, where
m # n, as previously shown.

8.3 Applications of Perturbation Theory

In this section, we will discuss how we can use the perturbation theory to calculate or approximate eigenen-
ergies and eigenstates of a quantum mechanical system.

8.3.1 Anharmonic oscillator

Consider an anhormonic oscillator described by the following Hamiltonian

P2 1
= — 4+ Smw?X? 4+ dmw?X.

H2m2

This problem can be solved exactly by rewriting the Hamiltonian as

P2 1 1
H=o ot imwQ (X + 2?2 - 5nw‘lxz,
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and hence the eigenenergies for this system are

1 1
E, = hw (n + 2) — imwQ)\Q
We will compare this result with one obtained from the perturbation calculation. The perturbed potential
is given by
AV = dmw?X,

where A < 1 and X = (a + aT). The first-order correction of F,, is

h
(n) — [ ,(0) 2 0\ = 2,/ [0 U 0\ _
£y <n ‘mwX’n > mw o <n ’(a—ka)‘n > 0.

Since the first-order correction vanishes, we will consider the second order correction of FE,,

PO <n(0) | mw?X | m(0)> <m(0) | mw2X | n(0)>
n - ; E(O) _ E(O)
m=*n n m
= E® = m%fliL (=(n+1)+n)
" 2mw hw
= E? = —%mwQ

Therefore, up to second order, we have

1 1
E,=E®Y £ \E,(1) + N2 EP + ... = hw (n + 2> - imwz/\z,
which is exactly equal to the exact solution. The first-order correction of the eigenstate |n) can be calculated
using
1)y (0)
) = 3 )
m#n
where
Vion = <m(0) ‘meX ’ n(0)>

h
- g (0 w0 0)

[ h
= mw2 - (\/ﬁ 6m,n—1 +vn-+ 1 5m,n+1) .
2mw

We then have

= ’n(1)> = mw%/iﬁ (\/ﬁ‘(nfl)(o)>—\/m‘(n+1)(0)>>
= |5 (vl 1) - T )
o = ) a0 (- ) - T )
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Using ’n(1)>, we can calculate the second-order correction of eigenergies Eff) as

EQY = <n<o> ‘ v ‘ n(1)>
[ 1w h
= %moﬂ I (\/ﬁ <n(0) ‘ (a + aT) ‘ (n— 1)(0)> - \/m<n(0) ’ (a + aT) ‘ (n+ 1)(0)>>
= %mw2 (n—mn-—1)
_ L
= —gmw

Therefore, we obtain exactly the same solution as before. That is,

8.3.2 Real hydrogen atom

In this section, we will discuss the use of the perturbation theory to calculate energy shifts in a real hydrogen
atom.

1. Relativistic correction to energy

We will consider the relativistic kinetic energy of an electron in a hydrogen atom, where

2
E = /p2c + m2c* = mc?y /1 + Z; 5
m2c

? -1
% < 1, we can approximate F using (1 + )" ~ 1+ nz + %xz as
m2c !

1 p? 1 1\ 1 p? p? 1 pt
2 2
B ~me <1+2m262+2<_2)2m4c4 met 4 o = o

For

where the first term is the rest energy, the second term is the classical kinetic energy, and the last
term is the second order correction of the kinetic energy and is normally small for a particle with small
velocity. We, therefore, can treat the last term perturbatively, and re-write the perturbed potential V'
as
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The first-order energy correction to the ground state |n,im,) = |1,0,0) of the “ideal” hydrogen is

2
O~ — 1 ool (2 |00
n=1 2mc? T 2m T
1 2\?
- <1,070 <H0+e) 1,070>
2mc r
_ 1 9 5 /1 4/ 1
= _2m02 (El +2E1€ <7‘>+€ <7’2
1 2\ ? o) 2L, 2
= — Z ) o )2 2
2me? |\ 2aq 2a0 ap = a
1 et /1
- S 142
2mc? a} (4 + )
5 1 €t
= E(l_) =
n=1 4 2me? a?
W ite B in ¢ f —i~i(h ——2)
e can write E, _; in terms of a = - &~ 1oz (where ag = ——), as
EY, =~ 2mcat
21 gnea
For general n, we have
1 1 3
B — 1, 2.4 _ 2
n M\ Ur1/2)  and
We note that for hydrogen atom,
1, ., 136
En:_ﬁmc (0% :_F eV

Therefore, E{l) is approximately lower than E; by a factor of a2 ~ 5 x 107°. We will see later that
this relativistic correction is of the same order of magnitude as the spin-orbit coupling, and hence we
normally combine the two effects and collectively call them the fine structure splitting, which will be
discussed in more detail later.

. Non-degenerate Stark effect (E—field)

An hydrogen atom is in an external electric field and the potential term that we will treat perturbatively
is described by
V(z) = —eEZ,

where we suppose that the electric field is along the z—axis, that is E = E3. For the non-degenerate
ground state n = 1, the first order correction to the eigenenergy is

EWN, = —¢E(1,0,0/2|1,0,0) =0,

since |1, 0,0) is even under parity while the operator Z is odd under parity. Therefore, we will have to
consider the second-order correction.
(1,0,0|Z|n,l,m) (n,l,m|Z|1,0,0)

EY, = E?
=1 E§O) _ E’I(LO)

(n,1,m)#(1,0,0)
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‘We note that
4 2(10

2&0
E S3e

g - @
62 E%O) _ Er(LO)

where the term on the left denote the case where n — oo and that on the right where n = 2. For the
numerator, we have

> [(1,0,0Zn,0,m)[* = Y [(1,0,0[Z]n, 1, m)[* —|(1,0,0]Z]1,0,0)|?
(n,l,m)#(1,0,0) (n,l,m)

= Y [(1,0,0[Z[n,l,m)|*, where (1,0,02]1,0,0) =0

(n,l,m)

= ) (1,0,01Z[n,1,m) (n,1,m| Z[1,0,0) = (1,0,0|2%[1,0,0)

(n,l,m)

= > [1,0,0Zn,1,m)]> = aj.
(n,l,m)#(1,0,0)

Therefore, the second order correction of the ground state is
=  —-adE* < EY < 243 E%.

Exact calculations yield

3. Linear Stark Effect for n =2
Since the n = 2 states are degenerate, we will first discuss the degenerate perturbation calculations.
Degenerate Perturbation Theory

From the non-degenerate perturbation calculations, we derived the correction to the state |n) and

obtained © | | ©
m Vin
) = [n @) + A 3 m® > oo )+ ope).

m#n

As you can see that there will be a divergent problem if E” — E{Y) = 0 and Vi,,,, = (mO |V [n@) £ 0.
We can resolve this issue by requiring that the matrix element Vin = 0 as well by choosing a new
basis for degenerate states such that the off-diagonal matrix elements of V' is also zero. Therefore, the
solution is to diagonalize V' in the degenerate subspace.

9 is the same VI € S. Now, we can choose a basis

Let S be the degenerate subspace. Therefore, El(
\l>(0) so that

<z<°>‘v‘k<0>> —0, LkeSandl+#k.
The result is that the off-diagonal elements of V' in this basis |l(0)> are all zero. We note that
<l(0) Vv ‘ n(0)> can be non-zero for € S but n ¢ S.

Now we are ready to calculate the linear Stark effect for n = 2 (note that by “linear”, we mean the
first-order correction, which is linear in \).

For n = 2, there are four degenerate states,

|27131>7 |271?O>’ |271371>> and |27070>
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We construct the V' matrix in the degenerate subspace of the n = 2 states. We note that (n,l, m|Z|n,l',m’) #
0 only if m = m/, since [J,, Z] = 0. That is, the eigenstates of J, with the same m is also eigenstate
of Z. Therefore, the non-zero matrix elements are

<23070|Z|27170> = <27070|Z|23 1a0> - 73&03

where in the integral Z — 7 cos, and we obtain the matrix for V as

0 3ageEl 0 0

| 3ageE 0 0 0
V= 0 0 0 0
0 0 0 0

We diagonalize this matrix and obtain the eigenvalues 0,0, +3ageE. The splitting of the n = 2 energy
states due to the external electric field is shown in the diagram below

RS

NG (12,1,0) +2,0,0))

,,,,,,,,, |27171>7 ‘2,1,—1>

1
72 (|27 17 0> - |27 07 0>)

. Spin-orbit splitting (fine structure)

So far we have been ignoring an electron spin in the consideration of the hydrogen atom. When the
spin is considered, there are 2 degenerate states for each electronic states corresponding to spin-up and
spin-down. This spin state can interact with magnetic field generated by an orbital. Qualitatively, the
magnetic field generated by an electron in an orbital is described by

. 7 =
Borb =——XxFE.
c
e = —
And, the electron has a magnetic moment p, = —S, where S is a spin operator. Therefore, the
mc
Hamiltonian is given by
S S
Hrs = —p-B=j- CXE')
1 e - =
= H = L-S
LS 2 m2c2r3

1 oL
where the factor of = is from the Dirac relativistic theory. Since we can rewrite L - S as
(J2—L* - S?%),

where J = L+ S , it is more convenient to use a basis formed by |7, m), which are eigenstates of J? and
J.. We will denote states of the hydrogen atom using the spectroscopic notation nQSHLj. There are 6

states with [ = 1, 4 states of 22P3/2 and 2 states of 22P1/2, and there are 2 states with [ =1, 2251/2.
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For example, the first order energy correction for n = 2 can be calculated by finding the expectation

value of L - S,
. > Fe - T 3
butj:l:t%
N R? (1 for j=1+2
= <27],m|L-S’2,j7m>—2{ —(+1) forj:l—%z.

This equation is called the Lande’s interval rule. The spin-orbit coupling is of the same order as the
relativistic effect, which we have considered previous. The last term that we have to consider is called
the Darwein term. The Darwin term is due to the jittering motion of the electron over the distance
defined by the Compton wavelength h/me.c ~ 4 x 10711 em. The Hamiltonian for the the Darwin is
described by

h? 9 h? 9
arwin — 55 o V=-—554 6_’7
Ho 8171202V 8m2c? meo (@)
where V' is the Coulomb potential and we note that VQ% = —47n§(Z). The expectation value of this

term is equal to
h? o1 4 1 o 4

Hparwin) = — 5 —=4me"—— = —mc «
(Hparwin) 8m2c? dr n3  2n3

The three results, when conbined, give the following energy correction for the state |n),

1 1 3
AEr g4 = ——mc2a® _ .
LS+rel ch (e} [ng (j-i-%) 4n4]

The splitting of the n = 2 energy states due to the fine structure (combined spin-orbit coupling and
relativistic correction) is shown in the diagram below

2Pa/z

2P3/2 2131/2 251/2

AE = Lmc2at ~ 4.3 x107° eV

|

2
2P1/2 51/2

5. Hyper-fine structure
The hyper-fine structure is due to the interaction between an electron spin S and nuclear spin I A
total spin is denoted by

F=T+358, =1640.

N =

®

DN =

The Hamiltonian is described by
HHF ~S- 153(7“)

The splitting of the ground state n = 1 is shown by the diagram below
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128

1/2

Zeeman effect (B—field)

A magnetic field can interact with both orbital magnetic moment and spin magnetic moment. The
former is called the normal Zeeman effect and the latter is called the anomalous Zeeman effect. The
magnetic moment resulting from the orbital angular momentum is described by

IA ev/2mr) (mr? e -
Horb = — = ( / ) ( ) = L.
c c 2me

Therefore, the perturbed potential is given by

eB /- - eB eB
Hp =V 2me ( + S) 2me (L: +25:) 2me (Jz + SZ) ’

where B = B2 and J = L+ 5. We will first use a basis of |7,m). Considering the first-order correction,
we need to calculate

(4;m|J. + S:|j, m) = mh + (j,m|S:|j,m) .

In order to calculate (S,), we recall the CG coefficients, which we have proven in class

1 I+m+1 1 1 IFm+ 31 1 1
:l:tf - :I: 72 = —_ = s — = 72 = — s — — =
‘J Tm> \ "ot [T ™ 2>+V 1 MMM 2>

—_———— —_———
cy Cc_
_h 2 2
() = 3 (Il = 1cP?)
h 1 1 mh
= 2214—1[<lim+2>_<l$m+2)]_ A+1
LB 1
AED — _¢ 14—
= B 2mecm 20+ 1

This equation is called the Lande’s formula for the energy shift due to a magnetic field. However,
for a large magnetic field, Hp becomes dominant and m; + 2m, becomes a good quantum number.
Therefore, the energy shift can be described by

hB
AE(BU = —267 (my + 2my) .

€

The diagram below shows the splitting of eigenenergy for the states n = 2 at low field where the
spin-orbit coupling H s is dominant, and at high field where the Zeeman effect Hp is dominant.
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my; + 2my
E
2
1
Py
ABLs 0
2P1/2
-1
-2

o1



