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So far, we have considered a system with a Hamiltonian A independent of time ¢. In order to completely
solve a problem in quantum mechanics, we need to

1. solve an eigenvalue problem for H; H |¢n) = Ey, |én),

2. expand an initial state [1(0)) in terms of eigenstates |¢,,) of H; [¢(0)) = >, ¢n(0) |¢n),

3. obtain the time-evolution state |1 (t));

() = U#) [(0)) = e ™/ 5p(0) = D~ e™"Fc,,(0) ) -

In principle, this procedure describes any closed quantum mechanical system by making the system “big
enough”. To one extreme, you can think of the whole universe as a single quantum mechanical state. How-
ever, in most cases, we want to describe interactions of a small system with external disturbance. Therefore,
we want to isolate the small system described by Hy and describe interactions with the environment through
V(t), which is time-dependent.

Some examples of systems that interact with the environment.

1. Spin magnetic resonance
A spin-1/2 particle is in a region with time-varying magnetic field, where
B = Byz + By (2 coswt + §j sinwt)
We can describe this system using a two-state model, which we will discuss later.

2. Atom in an external electromagnetic radiation field

When an atom is inside an electromagnetic radiation field, electrons in the atom can absorb energy
from the field and make transition from a lower-lying state to higher-lying state. On the other hand,
the radiation field can induce the emission of photon by electrons in excited states. This phenomenon
is called stimulated emission. Therefore, the radiation field can cause either absorption or stimulated
emission.

Both of these phenomena can be understood by coupling quantum mechanical systems to a classical electro-
magnetic field. This approach is, therefore, called a semi-classical approach, since the electromagnetic field
is treated classically. We also note that energy of this system is not conserved since the interaction part of
the Hamiltonian is time-dependent. Energy would be conserved if we consider a “big enough” system.

There is another type of emission, which is called “spontaneous emission”. In order to described the sponta-
neous emission, we need to quantize the electromagnetic field, which we would need Quantum Field Theory
that is not covered in this class.
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9.1 Time-dependent potential

We will use the interaction picture to describe a system that interacts with the environment. The Hamiltonian
of the system is given by

H=Ho+ V(t),

where H, is time-independent and exactly solvable, and V (¢) is the time-dependent part and represents the
interaction with the environment.

A state in the interaction picture is defined as

() = ™M o))

where | )¢ denotes a state in the Schrédinger picture. We note that

[W(t)g = U(t) [1(0)) = e~ ™/7 |4(0)) .

Therefore, if V(¢) = 0, then
() = [4(0),

which is a state in the Heisenberg picture. Hence, if V(¢t) = 0, the interaction picture is the same as the
Heisenberg picture. For operators, we can define the operator in the interaction picture as

AI — eiHot/ﬁASefiH[)t/h.

Similarly, we can see that if V(¢) = 0, then Ay = Ag. That is, an operator in the interaction picture is the
same as the operator in the Heisenberg picture. We note that for the Heisenberg picture,

() g = €™M (1)) 5

and
Ay = eth/hASe—th/h.

The difference between the interaction picture and the Heisenberg picture is that for the the interaction
picture we use Hg but for the Heisenberg picture, H is used to transform states and operators.

We consider the time evolution of a state in the interaction picture. From the Schrodinger equation, we have

i ()

= —Hoe MM (1)) g + €O (Ho + V() [0(8))
— eiHOt/hV(t) W)(t»s

— eiHOt/hV(t)e—iHOt/heiHOt/h W}(t»s

.0
Zha (1),

_ ih% (), = Vi(t) [¥(),

We can see that this equation is similar to the Schrédinger equation but we replace H by V7 (t). Hence, the
time evolution of the state in the interaction picture is governed by the interaction potential V;(t). Using
the Schrédinger equation, we can also show that for an operator A,

dAr 1

S = — [Ar Ho] + (A)I,
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which is similar to the Heisenberg picture, where
0
ih— | (t = 0

dngH _ %[AH,’H] + (A>H

The interaction picture is between the Schrodinger picture and the Heisenberg picture as illustrated by the
table below.

Heisenberg Interaction Schrédinger
state no change time-evolved by V; | time-evolved by H
observable | time-evolved by H | time-evolved by H, no change

From this type of system, it is more convenient to solve the Schrodinger equation in the interaction picture
by expanding [¢(t)); using a basis of eigenstates of Ho. Given that H is solved

Ho |n) = E, |n),

we can expand [¢(t)); in terms of |n) as
(1) =Y enlt) In),

and rewrite the Schrédinger equation as ((n| x)

L0 ———
ihos (nlo(®), = Y (lVilm)  (mle(),
—— ——
cn(t) ™ matrix element of V;
= Zﬁcn (t) = Z Vnm (t)ei(E’n_Em)t/hCm (t)

For the matrix element of V7 in the |n) basis, we note that
<n|V1|m> — <’I”L eiHot/hVS(t)efi”Hgt/h>
— eiEnt/h . e—iEmt/h <n | Vs(t) |m>
—_———

Vi ()
_ ei(En—Em)t/hVnm(t)'

Therefore, we have

ihén(t) = Vam (e e (t) |

E,—F . . . .. .
where wp;, = ——— = —w,,n. In a matrix form, this equation can be explicitly rewritten as
7 s Yy
1 Vi1 Vigei2t  Vygetwnat ... c1
G2 Vopetont Vao Voge'2st | ey
ihilég| = | Vapelwmt Vyyelwnat Vi3 | |es

Any system that interacts with the environment through V (¢), that is governed by the Hamiltonian H =
Ho+V (t), can be describes by this equation. However, in general this equation is difficult to solve, especially
for a high dimensional Hilbert space. In the next section we will consider one of the simplest problems that
is exactly solvable in the interaction picture.
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9.2 Two-state system

The two-state problem can be solved exactly. The Hamiltonian for this system can be described by

Ho = EL[1)(1] + E2[2) (2|
V() = e 1) (2] +ye7 ™" 2) (1]

In a matrix form, we can rewrite the Hamiltonian as

H Ho + V(t)

_[Ey 0 n 0 yelwt
- 0 E, yeTiwt 0

In the interaction picture, the time derivative of the coefficients ¢, (t) is described by a set of equations we
have derived in the previous section,

2
ihé, = Z Vlmeiwmtcm(t) _ ,Yeiwt . ei(Elez)t/hCQ(t) _ ,Yei(wfw21)tc2(t)
m=1
2
ihey = Z ‘émezwimtcm(t) _ ,Yefzwt . 61(E27E1)t/ﬁ61(t) _ ,yefz(wfwm)tcl(t)
m=1

We have two coupled differential equations, which are solvable. In a matrix form, this equation can be

rewritten as
0 ei(w—w21 )t 1
efi(wfwm)t 0 Co

i(w—wa1)t
N ac(t) _ ’VL 0 e ]C(t),

—i(w—wa21)t 0

—
Q. O.
N o=
-
Il
2

C1

where C(t) = L This equation is called the Rabi’s formula. We will solve these coupled differential
2

equations by taking the derivative and substituting co for ¢; or vice versa.

théy = i(w—wa) yetwmwa)t/hey o pilw—wan)t/he,

i(w—war)t/h .l,ye—i(w—wgl)t/hcl
ih

i (w—wa) (ihe1) + ve
2

= él = i(w—WQ1>C.1—§Cl

Therefore, the differential equation for ¢; is

72
élfi(W7w21)C.1+ﬁ01:0

Similarly, for c; we have
2

624‘2‘(&)7&)21)&24’%02 =0
We can solve both of these equations by considering the characteristic polynomial

2

)\Z—i(w—wgl))\—i—%:O.
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Solutions of this equation are

/\ - W_U.)Ql:l: (w—w21)2+l2
b2 2 4 h2

Therefore,
er(t) = AeMt 4 Betet = pilw—wa)t/2 (Aeim + Befmt) 7

2

2
Wheregz\/wwﬂ

and we can find co(t) using

4 h2’
the; = 76““7”21”/202(25)
L) = Mo (emem o) gene (Wl o) geinr|
¥ 2 2

We can find A and B using the initial condition that ¢;(0) = 1 and c2(0) = 0. That is, all particles are in
the ground state at t = 0.

A+B =1

_<W_2°"21 +Q>A— (”_2“21 —Q)B -0

We can solve for A and B, and obtain

Q- (w—wzl)/2
2Q

Q+ (w—wgl)/Z
2Q

Therefore, co(t) is equal to

h 02 — — 274 . 02 — _ 274 .
o) = = (_ (wZme) / ity (W29w21) / it
2 2
= ho (© —wa1) /4~isith
¥ Q
= o) = /h - sin Q.

V0w —wm)? 449212

The probability of being in the E5 state is therefore equal to

2 2
lea(t) 2 = v/ sin® Q|
(W—wo1)” /4 +~2/h?

and the probability of being in the E; state is

Jer (8)* = 1 — Jea(t))* }

We can think of |ey(t)|* as a probability that a particle is excited and makes a transition from the E; to Es
state. Therefore, |ca(t)|* represents the absorption probability. On the other hand, |¢;(t)]® represents the
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stimulated emission probability. At the resonance, where w = way, the maximum probability of |co(t)|” is
equal to one while the minimum probability of |c1(¢)|? can reach zero as shown in the figure below.

len ()] |

probability

probability

27 /Q

0 /29 T/Q 3r/20  27w/Q 0 /20 T/Q 3m/282

Figure 9.1: |¢;(t)]> and |ea(t)]? off resonance (left) and on resonance (right).

The amplitude of the probability |02(t)|2 as a function of w is described by a Lorentzian, as shown below,

4
where A = — is full-width-at-half-maximum (FWHM). The amplitude peaks at the resonance where w =

wa1, and the width of the amplitude around the resonance is proportional to -, which represents the strength

of the interaction.

Jea(t)?

W = W21 w

This two-state problem shows a basic principle of absorption and stimulated emission. In general, we can
simplify an atom, which has many energy levels, into a two-state system. This atom then interacts with a
background radiation field at frequency w. The interaction part of the Hamiltonian can be described by

0 eiwt
V(t) =7 (eiwt 0 ) .

Ey—FE
When w is near wo; = %, the atom can absorb photons from the radiation field most efficiently.
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Examples of 2-state systems

1. Spin magnetic resonance
We consider a spin-1/2 particle in a time-varying magnetic field described by
B = Byz + By (2 coswt + fjsinwt) .

This magnetic field rotates around the z—axis as depicted below.

N>

=

The Hamiltonian for this system can be described by

- 1
5 B= —59HB [0,Bo + B (0, coswt + oy sinwt)] = Ho + V (1),

eh .
where pup = e In a matrix from, we have
mc

ehBy (1 0
Ho =  2mec (0 1)
€Blh 0 e—iwt
V() = T mee (eiwt 0 ) .
We can see right away that this Hamiltonian is that of the two-state system, where we have F; =
eBoh eByh eBih
———— Fy=—"— and y=— . Therefore, we can apply the results of the two-state system to
2mec 2mec 2mec

this problem.

If B; = 0 (no interaction between the two states), a spin will precesses around the z—axis due to the
constant magnetic field By along the z—axis with the angular frequency

E2 —E1 _ |€‘BO
h MmeC

The probability |ci|2 are unchanged with time. Therefore, the system remains in the eigenstates with
rotating phase. There is no transition between |+) <— |—). The expectation value of S, (S,) is
unchanged but since the spin rotates in the zy—plane, (S;) and (Sy,) change. We have already solved
this problem.

If By # 0, there is an oscillation between the probability \ci|2, which means that the spin can make
the transition between |+) <— |—). We can think of the state |1) in the two-state system as |—) and
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|2) as |[4+). We call this transition “spin-flops”. We can calculate the probability of “spin-flops” using
the results from the two-state system.

Classically, we can think of the spin-flop transition as spin precessing around the t—dependent axis,
which rotates around the z—axis. At the resonance where w = wqg; = %7 B rotates around the
z—axis at the precessing frequency wo1. This gives rise to the complete spifl flop transition. That is,
\c_|12mn =0 and |c+|72nw = 1. Here, we assume that initially the spin is in |—), and the frequency of
the spin-flop is (2 ~ Bj. If the system is not at the resonance, the spin-flop is then not complete. The

figure below shows the spin-flop transition due to the magnetic field By in the xy—plane.

‘We note that

(a) The transitions |+) «— |—) occur for any finite value of B; at the resonance, since at the
resonance the strength of amplitude of spin-flop is independent of B;. Therefore, we obtain the
complete spin flop at the resonance but the time it takes for the spin to flop is very large for small

By (2~ By).
(b) In an experiment, it is easier to apply

—

B = (0, By sinwt, By)

than rotating B; in the xy—plane. However, there is relatively small contribution from a term
e~** near the resonance. Therefore, near the resonance, only w = wy; from a term e*“* is relevant.

2. MASER (Microwave Amplification by Stimulated Emission of Radiation)

For the next example, we consider an ammonia molecule NH3, which has two nearby states. These
two states are eigenstates of parity P : ¥ — —Z, which we will called |S) for a symmetric state and |A)

for an anti-symmetric state, where
P|S)=|S), P|A)=-|A4).

The eigenenergies for |S) and |A) are Es and Ey, respectively, where Es < E4. Therefore, the
unperturbed Hamiltonian is described by

Es 0
no- (5 2).
We also note that the electron density near nitrogen is greater than near hydrogen creating the dis-

placement of charge in NH3 resulting in the electric dipole. Let fi,; be an operator for the electric
dipole. fig; ~  is odd under parity, i.e. PiggP = —ji¢;. Therefore,

<A|ﬁel|A> = <S|ﬁel|S> =0.
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On the the other hand,
(AlfialS) = (S|l A) # 0.

In the presence of an time-varying electric field, the electric dipole can interact with the field giving
rise to the time-varying potential

—

V(1) = —fier - E(1),

where E (t) = FEoZz coswt. Therefore, the time-varying perturbed potential is equal to

0 eiwt
= V=1 (S % ).

e

where «y is a function of the matrix element of fi,; and Ey. As you can see, this problem also has
a Hamiltonian of the two-state problem. We can, therefore, use the results we obtained from the
two-state problem to describe this system.

So, how does MASER work?

(a) We take a beam of NH3 with a mixing state of |\S) and |A).

(b) We select only the antisymmetric state |A) by passing the beam through inhomogeneous electric
field. The different electric dipole of |A) and |S) will result in different forces acting on the two
states.

(c) We take the state |A) to go through a cavity with the microwave radiation field with w = wey =

E,—F
ZA 75 At the resonance, the frequency of the transition is equal to 2 = 7 Therefore, to

obtain the complete stimulated emission from the transition |A) — |S), we need to vary the time
. . . 7r wh
at which the beam spends inside the cavity to be equal to — = —

= by adjusting the velocity of
20 2y
the NH3 beam.

This procedure will amplify the microwave field from the (stimulated) emitted photons with w = wa;
from NHj molecules. Note that we can also make hydrogen MASER using the hyperfine transition
with wavelength equal to 21 cm; this hyperfine transition is known to an accuracy of one part in 108.

9.3 Time-dependent Perturbation Theory

The two-state system is one example of the problems that can be solved exactly. In general, there is no
analytic solution for the Hamiltonian
H="Ho+ V().

Therefore, we must use the perturbation analysis to expand ¢, (t) in a power series of V(t) assuming that
V(¢) is small.

= ) =)+ D)+ D)+
where cﬁ,‘” represents the overlap with the initial state and is time-independent. In order to calculate ¢, (),
we will use the propagator in the interaction picture Uy (¢;tg), where

|, tost)p = Un(tt0) |as to)

and Uy (t; tg) must satisfy the following Schrodinger equation

0
maU,(t;to) = Vi(t)U(t; to)
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with the initial condition
Ui(to;to) = 1.

We can solve this differential equation and obtain
i [t
Ur(t;tg) =1 — ﬁ/ ViU (s to)dt’.
to

The problem here is that the solution contain itself on the right hand side of the equation. Therefore, we
can obtain Us(t; ) using an iterative method.

i t 1 t t1
= U[(t;fo) = 1- ﬁ/ V](tl)dtl — ﬁ/ dtl/ dtQV[(t1)V[(t2) + -
t(] t(J

to

S\ T t t1 tn—1
<—Z> / dty / dts - / dt, Vi(t1)Vi(ta) - Va(tn) +---
h to to to
oo Z n t t1 trn—1
1+nz:1<—h) /to dt, /to dtg"'/to At Vi(t)Vi(ta) -« Vi (tn)-

We can rewrite this expression using the time-ordering operator.

_l_

Ur(t; to)

oo 1 N t t i
= UI(t;to):Zn'(—;L) F[~/t dtl/t dt2-~-/t At Vit)\Vi(t2) - Vi(ty)
n=0 0 0 0

This series is called “Dyson series”. Now in order to calculate ¢, (t), we will consider the time-evolution of
a state. We start with the initial state |i) at t = .

listo;t); = Ui(tito) listo);
= Y _|n) (n|Ur(t:to) | )
n \—/_/

cn (t)

Therefore, to the second-order in V(t), we can take U;(t;to) and substitute it into ¢, () = (n|Ur(t;t0)|I).
7: t 1 t t1
= cp(t) = Opi— ﬁ/ dty (n|Vi(t1)]i) — ﬁ/ dtl/ dt22<n|VI(t1)|m> (m|Vi(t2)]7) .
to to m

to

We can evaluate each term and obtain

ng,o) = 6ni
Wy i ,
¢,/ (t) = ~7 dty (n| Vi(t1) i)
to N——
=eiMot/hV (t)e—iHot/h
{ K TWnt
= _ﬁ dtle nitl an(tl)
t N——
’ —(IV(®)li)
1 ! h Tw TWmi
D) = fﬁz /(to)dtl /t dty e rmiremil2 V(1) Vi (to).

Suppose we want to calculate the transition probability from [i) — |n), where n # i.

2
P(i = n) = |e, ()] = ‘cﬁfn +eDE) + D)+
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For the transition |i) — [i) or the probability of staying in the same state,

P(i—i)=1-> P(i—n) VYn#i.

Transition amplitude and Feynman diagram

There is an alternative way to derive the transition amplitude using Feynman diagram. We can rewrite the
transition probability as

2 2 12
len ()" = [(n|Ur (5 80))|” = [{n|U (& t0)|0)]",
since the difference between U (t; to) and Uy (t; to) = 70/ MU (t; tg)e =0t/ is just the phase. We can calculate
(n|U(t;to)]7) in a series of V(¢) with the help of Feynman diagram. Then, we can use the fact that
en(t) = (n|Us(t;to)|i) = e Bt/ BN (U (8 o) |2)

to calculate ¢, (t). The graphical depiction of (n|U(¢;to)|i) using the Feynman diagram is shown in the figure
below.

The propagator is represented by a line segment, while the vortex represents the interaction part, which
involves a matrix element connecting two states.

n =  e—iBn(ta—t1)/h ti = — 1 (m|V(t)n)

ty

Implicit integrals / dt; and sums Z are performed for variables that are not fixed such as t; and m; in the

m
diagram above. Using the Feynman diagram, we can write the first-order term of (n|U(t;to)|é) as

U stall) = =, [ty e B 1)y e
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We can then use this to calculate

D) = (Uit to)li) = BB U (8 t0) )
=~ [ an @B E Gy
.t
= D) = _%/ dty e Vii(ty),
to

which is the same as what we have previous derived.

9.3.1 First-order perturbation calculations

In this section, we will apply the equation of the first-order perturbation theory to a simple perturbed
potential. From the previous section, we have

- t
D)=y [ dtn (),
) h to

and the transition probability is equal to

P

i—n

~ e

)

assuming that n # ¢. In this class, we will only consider two special and simple cases, where the perturbed
potential is a harmonic or constant perturbation. We will first assume that the perturbation is harmonic,
where

V(t) = Vsinwt,

and n matrix element of V(¢) in a basis of the eigenstates of Hg |n) is

Vaalt) = IV (1)) = Vi) (¢ — %)

where V,,; = (n|V]i) is a matrix element of V' in the |n) basis. Therefore, we have

Vni ¢ . / . ’ - ’
Py = — 57 / dt’ etwnit [emt — et }
=0

Vm’, ei(merw)t -1 ei(wmfw)t -1
T 2n [ i(Wni +w) i (wWns — w) }

1V.. [1— ei(wm-+w)t 1— ei(wmfw)t

(1) _ LV
= t) = —

e (1) i%{ Wni +w Wni — W ]

Similarly, for V(t) = V coswt, we obtain

V..
(1) 1) = n

1— ei(wm-i-w)t 1— ei(wm—w)t
* |

Wni + W Wpi — W

Constant Perturbation

If w = 0 for the case of V(t) = V coswt, we have a constant perturbation V(¢) = V and the transition
amplitude becomes
Vni

(1) _
= t) =
e (1) Fiwn;

(1 _ eiwmt) ,
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and the transition probability is equal to

PO (i —n) =

4|Vii)? — E
cg)(t)‘ _ AWl sin® (En Eq t) )

(B, — E;)? 2h
. - - . E, —F;
We can plot this transition probability as a function of w,; = 3
PM (i — n)
—Ar/t =27/t 0 21/t 47 [tWni

The width of the main peak at w,; = 0 is proportional to 1/t and the probability grows proportionally to
t2. Therefore, after time ¢, the transition probability becomes taller but skinnier. The uncertainty of w is

equal to

2l 21h

Therefore, the energy conservation only happen where AE = 0 as t — oo in a semi-classical picture.
Fermi’s Golden Rule

As you can see from the graph above, the transition probability peaks around w,; = 0, that is, E, ~ F;. If
the states around FEj; is closely spaced, then the total transition probability is approximately equal to

PO = [n]) =)

2

)

o)

n

where [n] denotes the states around E;. When the spectrum of E,, is continuous, we can write the density

of states as
. numbers of states with £ — AE/2 < E< E+ AE/2
p(E) = lim

AE—0 AFE ’

and the sum changes to an integral,

P(l)(i —[n]) = / dEy, p(Ey) ngl) i

o [(Ba—ENt]  |Vail?
4 | dE, sin® {( ] E,
/ sin o (B, _Ei)2p( )
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Since the area under the main peak grows linearly with ¢, the transition probability also grows linearly with
t. For large ¢ (but small enough that the first order calculation is still valid), we can use the following identity

sin? ax

(xh—)H;o az? = (@),

to calculate

, 1 o [(BEn—E)t]  wt
M E g [2?1] = 550 (Bn = Eu).
Therefore, we have
. . . . E, —E;)t 1
tlirgoP(l)(z% [n]) = 4|Vm\2t131010/ dE, sin’ [( o ) ] (En_Ei)Qp(En)
— 5t
- 4|Vm-\2%/ dE, p(En)d (E, — E;)
25
= ?‘Vni‘zf’(En)t )
E,~FE;
- AE/2
where |Vm-\2 = lim dE, |Vm-|2, which is well defined given that V,,; varies smoothly with E,,. We

AE=0 ) _AR/2
can also calculate the transition rate w.

d ) 2n——3
ot = g [PV G D] = VP B)|

which does not depend on ¢. This equation is called “Fermi Golden Rule”, and we can rewrite it as

2n—3

where / dE, p(E,) is replaced by ¢ (E,, — E;), which is valid for ¢ — oo.
Harmonic Perturbation
Consider a harmonic perturbation of the following form,

V)= ve't 4 pte—iwt,

Using the same calculation we have done previously, we find that to first order the probability amplitude is
equal to

1 1— ei(wn,i-i-w)t 1— ei(wm-—w)t ;

W) =g | — e Ve
n n

emission near wy,; >~ —w  absorbtion near wy; ~ w

For the stimulated emission where w ~ —w,,;, the transition probability is equal to

c(l)(t)

n

2 4 il .9 {(wthm-) t]
‘ = 5 sin .
h2 (w+ wni) 2

The transition rate to the state |n) with energy E,, = E; — hw at large ¢ is equal to

2w
Wi—sn — f |Vm;|2 1) (En — E,L' + hw)



Lecture 9: Time-dependent Perturbation Theory 9-15

and if the spectrum of FE, is continuous or closely spaced, then

2w 2
Wis[n] = ? |Vnz| p(En) .
By~ F; —hw

Similarly for the absorption at w ~ w,;, the transition probability is
2

I

2 4 ni — .
C(l)(t)‘ =— " i [(wwm)t] )
h? (w — wp;) 2

The transition rate as t — oo is )
T

2
Wion = == V;r”- 0 (E, — E; — hw)

and if the spectrum of E, is continuous or closely spaced, then

2T

Wi—[n] = A VT

ni

p(En)

E,~FE;+hw

We note that the harmonic perturbation can give rise to both stimulated emission and absorption of AE = fw
or the final states over a continuous spectrum of energy. For the latter, the radiation does not have a single
well defined wavelength. For the discrete states as t — co, we have the following relationship between the
absorption and stimulated emission rate,

(absorption) _  (emission)
i—n — n—i

vl

= ‘V’ﬂi|2 = m

)

which is called “detailed balancing”.

9.3.2 Applications to interactions with classical radiation field

We will use the results of the time-dependent perturbation theory to study the interactions of atomic elec-
trons with classical electromagnetic field. Fermi showed that the Hamiltonian for a charged particle in the
electromagnetic field can be described by

2m 2mc?

Ho V(t) ignored

P2 oL 2 oL
7—[<+V>TSCP~AL(15)+ c Aifgu?B&BqL’Hmd,

where A 1 is a purely transverse field. Since we choose the Coulomb gauge or the radiation gauge, that is,
V-A=0

only the transverse field survives. We assume that the vector potential A originates from a monochromatic
plane wave, where

/Y(f7 t) = AOé ei(w/c)ﬁj*i“’t+e*i(w/c)ﬁ~f+iwt

absorption emission

For absorption, the transition rate is equal to

21 t
Wi—sn = f Vi

2
5(En_Ez_h’w)7
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where
I/TT”» = <n -—P-A z>
mc
_ _@< e?(w/C)ﬁfg.ﬁ‘i>
mc

We define the absorption cross section as

energy absorbed per unit time

Oabs —
avs energy flux

A unit of the cross section is length squared, which is equivalent to an area. Physically, we can think of the

cross section as an area that absorbs energy.

hw - Wi—n
= Ogbs = )

cU

where c¢ is the speed of light and U is the energy density (cU is the energy flux). For the electromagnetic
radiation, the energy density is equal to

1 [ E? B2 1w?
U== max maz | _ — X |4 )
2(87r+87r> 27 o Aol

Therefore, the absorption cross section is equal to

43R [ e? . S =
T B i(w/c)n-&p P
Tabs = 2w (hc) ‘<n ‘ ¢ €

i>)25(En—Ei—hw) :

_ 1
=137

We note that the cross section does not depend on Aj, which is the strength of the electromagnetic field.
For the emission probability, the calculation is also the same using the detailed balance relation. Our next

task is to calculation the matrix element <n ‘ eiw/Onie . p ‘ z>

Electric dipole (E1) approximation

2mc
IftA= e > Ratom, then we can neglect sub-leading terms in
w

elw/ane _ 1 4y (f)ﬁ.jur...
c

and use only the zeroth-order term. For example, for an hydrogen atom the energy required to ionize the
4

atom is F,, = 13.6 meV:% and a size of the atom is ag = 0.52 A=

h2
3

5. Therefore,
me

me4 mceQ a C

w=——== 7:——7

omd ~ “Tonz T 24,

while
2me 47
)\:—:—a0>>a0.
w «

So, E1 approximation is valid in this case. We note that

1. For large atoms, E'1 approximation might not work, and we need to include higher-order terms.
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2. In some case, E1 transition is not possible, and we also need to consider the next non-zero terms.
Applying F1 approximation, we obtain
(n

We assume that € = &, which is the direction of the oscillation (polarization), and 7 = 2, which is the
direction of the traveling wave.

ei(w/c)’fz-fé . ]3

i) — & mlPli).

= é<n‘ﬁ

i) = I P i) = 7% ([, Hol | 1) = imeoni (el

dipole moment

Therefore, the cross section of E'1 approximation is equal to

Oaps = 4m°awn; |(nla]i)|” 6 (w — wai) |

which is the equation for the electric dipole absorption cross section.
Multipole transition

We can also consider higher multipole transition. For example, the next higher order term in the expansion
is i (w/c) i & = ik - &. Therefore, the contribution due to this term can be written as

k

- N\ L. 1
(k : 1’) (p-é) = ikiej (xipj —xipi) +  (@ipj +,pi) 5

magnetic dipole M1  electric quadrapole E2

where z;p; — x;p; = Ly, is the angular momentum along k.

The matrix elements for M1 and E2 are
Vr(L];/Il) x <n‘ (l%xé) . (E+g§) ’z>,

where L + ¢S is the net magnetic moment (we manually insert a spin S), and

1
Vﬁfm x <n ki€ (xixj - 35ijx2> z>

quadrapole operator




