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Relativistic kinematics

I Set space-time coordinates on M4 as xµ = (ct, ~x). It is called
4-position

x2 = τ2 − proper time (LT − invariance)

I LT of 4-position, with Lorentz boost in z-direction

ct ′ = γ(ct − βz)

z ′ = γ(z − βct) (1)

x ′ = x , y ′ = y (2)

I The inverse LT will be

ct = γ(ct ′ + βz ′)

z = γ(z ′ + βct ′) (3)

x = x ′, y = y ′ (4)



I The 4-velocity is calculated as usual as

vµ =
dxµ

dτ
−−−−−−−→
time dilation

γ
dxµ

dt
= γ(c , ~v), ~v =

d~x

dt

v2 = γ2(c2 − ~v · ~v) = γ2c2(1− β2) = c2, ~β =
~v

c

I Define 4-momentum as

pµ = mvµ = (γmc , γm~v) ≡ (E/c , ~p), ~p = γm~v

E = γmc2 = K + mc2

p2 =
E 2

c2
− ~p · ~p ≡ m2c2 7→ E 2 = |~p|2c2 + m2c4

I Some useful formula

γ =
E

mc2
, ~β =

~p

E/c



I Derivation of an expression of E , in simply 1-spatial direction,

dW = Fdx =
dp

dt
dx = dp

dx

dt
= vdp = vd(γmv) = mc2βd(γβ)

γ = (1− β2)−1/2 7→ dW =
1

2
mc2γdβ2 +

1

2
γ3β2dβ2

=
1

2
mc2γ3dβ2 ≡ mc2dγ (5)

7→W0→β = γmc2 −mc2 ≡ Kβ − 0 (6)

7→ E := γmc2 = Kβ + mc2 (7)

I pµ ∈ M4, also satisfy LT, i.e., pµ −−→
LT

p′µ with Lorentz boost

in z-direction

E ′/c = γ(E/c − βpz), p′z = γ(pz − βE/c), p′x = px , p
′
y = py

E/c = γ(E ′/c + βp′z), pz = γ(p′z + βE ′/c), px = p′x , py = p′y



Massive particle decay

I Decay of massive particle X → a + b, in the rest frame of X ,
we apply conservation on momentum and energy conditions as

pa = pb = p in n̂− direction (8)

EX = Ea + Eb 7→ MX c
2 =

√
p2ac

2 + m2
ac

4 +
√

p2bc
2 + m2

bc
4

=
√
p2c2 + m2

ac
4 +

√
p2c2 + m2

bc
4 (9)[

(Mxc
2)2 − (mac

2)2 − (mbc
2)2
]︸ ︷︷ ︸

A2

−2p2c2

= 2
√

(p2c2 + m2
ac

4)(p2c2 + m2
bc

4)(10)

A4 − 4A2p2c2 + 4p4c4 = 4(p2c2 + m2
ac

4)(p2c2 + m2
bc

4)

7→ A4 − 4m2
am

2
bc

2 = 4[(m2
a + m2

b)c4 + A2]p2c2 = 4(M2
X c

4)p2c2(11)

7→ pc =
1

2Mxc2

√
A4 − 4m2

am
2
bc

4(12)



I Cont.

pc =
1

2Mxc2

√
((MX c2)2 − (mac2 + mbc2)2)

×
√

((Mxc2)2 − (mac2 −mbc2)2) (13)

ma = mb = m 7→ pc =
1

2

√
(Mxc2)2 − 2m2c4 (14)

I For example K 0 → π+ + π−, M(K 0) = 498MeV /c2 and
m(π±) = 140MeV /c2. In Kaon rest frame (CM-frame)

pK = 0, pπ =
1

2

√
(498)2 − 2(140)2 = 228MeV /c

Eπ =
√

(228)2 + (140)2 = 267MeV 7→ Eπ
pπc

=
267

228
= 1.17



I Kaon decay (cont.). In the LAB frame, let Kaon has energy
E ′K = 1.0GeV and moves in z-direction

E ′K = 1000MeV 7→ p′Kc =
√

(1000)2 − (498)2 = 867MeV (15)

7→ β =
p′Kc

E ′K
= 0.867, γ =

E ′K
MKc2

=
1000

498
' 2(16)



I Kaon decay (cont.), for the π+,

CM− frame pµ = (Eπ/c , p sin θ, 0, p cos θ) (17)

LAB− frame p′µ = (E ′π/c, p
′ sin θ′, 0, p′ cos θ′) (18)

LT E ′π/c = γ(Eπ/c + βp cos θ) (19)

p′ cos θ′ = γ(p cos θ + βEπ/c) (20)

p′ sin θ′ = p sin θ (21)

Fix θ 7→ tan θ′ =
sin θ

γ cos θ + β(Eπ/pc)
(22)

Let θ = 900 = φ

tan θ′ =
1

(0.867)(1.17)
= 0.986 7→ θ′ = 44.60 = φ′ (23)

p′ =
228MeV /c

sin 44.60
= 325MeV /c = p′′ (24)

E ′π =
√

(p′c)2 + (mπc2)2 = 354MeV = E ′′π (25)



I Kaon decay in the Lab frame


