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Relativistic kinematics

> Set space-time coordinates on M* as x* = (ct, X). It is called
4-position

x? = 72 — proper time (LT — invariance)

> LT of 4-position, with Lorentz boost in z-direction
ct’ = y(ct — B2)

7 =~(z — Bct) (1)
X =x,y =y (2)

» The inverse LT will be
ct = y(ct' + BZ)

z=(Z + Bct') (3)
x=x,y=y (4)



» The 4-velocity is calculated as usual as
dx

u dx* dx* (. 7), 7
Vi —= ——— _— = , N = —
dT time dilation v dt " dt

2201 _ g2) — 2 7_V

’YC( 5)*C 75* c

V2=~ —V-7) =

» Define 4-momentum as
pt = mvt = (yme,ymv) = (E/c,p), p=ymv
E =~ymc® = K 4+ mc?
E2
pzz——p p=mic® — E? = |p|°c? + m3c?
c?
» Some useful formula
E - P
Y= micz’ B = Ei/c



» Derivation of an expression of E, in simply 1-spatial direction,

dW = Fdx = %dx = dp% = vdp = vd(ymv) = mc?3d(v3)

1 1
7= (1= B2 dW = SmcPydB? + 2y B2
;mc v3dB% = mc?dy (5)

= Wo_p = ymc? — mc? = Kz — 0 (6)
> E :=ymc? = Kg + mc? (7)

> pt e M* also satisfy LT, i.e., pt = p’* with Lorentz boost

in z-direction
E'/c =~(E/c— Bp:), Py = (P2 — BE/C), Py = Px:Py = Py

E/c=~(E'/c+BpL),p: = (P, + BE'/C), px = PPy = P,



Massive particle decay

» Decay of massive particle X — a+ b, in the rest frame of X,
we apply conservation on momentum and energy conditions as

pa = pp = p in 1 — direction (8)

Ex = E,+ Ep — Mxc? = \/p§c2 + m2c* + \/pf)c2 + m2ct
= \/pzc2 + m2ct + \/p2C2 + m2c* (9)

[(MXC2)2 _ (mac2)2 _ (mbC2)2] —2p2C2

A2
= 2\/(p c? + m2c*)(p?c? + m2c*)(10)
At — 4P + aptct = 4(pP P + mich)(pP P 4 mpc?)
= A —4m2mic® = 4[(m3 + m3)c* + A?|p?c® = 4(Mxct)pPc?(11)

— pc =

1
ST \/A* — dm2mict(12)
X



» Cont.

pe = 5123\ (Mx2)? = (myc? + myc?)?)
<\ (Mec2)? — (moc? — mpe?)?)  (13)
my; = mp =m— pc = %\/(ch2)2 —2m2c* (14)

» For example KO — 7+ + 7=, M(K®) = 498MeV /c? and
m(7*) = 140MeV /c?. In Kaon rest frame (CM-frame)

1
pr =0, pr = 5\/(498)2 — 2(140)2 = 228MeV//c

E. 267
E. = +/(228)2 + (140)2 = 267MeV — —— = — =1.17
\/(228)2 + (140) Vi =
7
K;“\e
", :



» Kaon decay (cont.). In the LAB frame, let Kaon has energy
E;. = 1.0GeV and moves in z-direction

D
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Ejc = 1000MeV s plc = \/ (1000)2 — (498)2 = 867 MeV/(15)
E, 1000
Mkc? ~ 498

/
— 8= Fﬁﬁc
Ex

= 0.867,7 = ~ 2(16)



» Kaon decay (cont.), for the 7T,

CM — frame  p" = (E;/c,psinf,0, pcosf)

LAB — frame  p'* = (E./c,p'sin¢,0,p’ cos®)

LT  E./c=~(E:/c+ Bpcosh)
p'cost = y(pcosf + BE,/c)
p'sind = psind

sin @
Fi tanf' =
b tan 7 cos 0 + B(Ex/pc)
Let 6 =900 = ¢

1
0 = — = 00986+— 0 =44.6°=¢’
tan = {0.867)(1.17) ~ ¢

228MeV /c

/ ey A 2 M V — /!
sndag  S25Mevie=p

El = \/(p’(:)2 + (m;c?)2 = 354MeV = E!



» Kaon decay in the Lab frame



