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Today topics

I Schrodinger’s equation of central potential

I Shell models
I Rigid sphere potential
I Isotropic harmonic potential
I Spin-orbit coupling



Schrodinger’s equation of central potential

I 3D Schrodinger equation in spherical system, i.e.,
~r = (r, θ, φ)
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ϕE(~r) = ϕE(r, θ, φ) = RE,α(r)Yαβ(θ, φ) (3)

Insertion into (1), we get
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I Solution for Yαβ(θ, φ)
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Yα,β(θ, φ) = Pα,β(θ)Φβ(φ) (6)
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Φm(φ) = eimφ, β = m = 0,±1,±2, ... (8)
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Let y = cos θ 7→ dy = − sin θdθ and Pα,m = Pα,m(y)
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I Equation (10) is known from Wolfram Alpha as associated
Legendre equation, its solution is known in the name of
associated Legendre polynomials Pl,m(y), with conditions

α = l = 0, 1, 2, 3, ...

m = 0,±1,±2, ...,±l

Back to (6), we get angular solution in the form

Yl,m(θ, φ) = NlmPlm(cos θ)eimφ (11)
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dΩY ∗lm(θ, φ)Yl′m′(θ, φ) = δll′δmm′ (13)

It is known as spherical harmonic., normally it is used to
be a basis set for all angular functions.



I Back to (4), radial equation becomes
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Equation (14) will be solved for different central potential
term U(r) of nuclear shell models.



Nuclear Shell Models

I Nuclear shell model follows the same philosophy of shell
structure of atoms, this comes from the appearance of
magic numbers of the proton or neutron numbers at which
the nuclei have exceptional stability.

Z,N = 2, 8, 20, 28, 50, 82 and N = 126

I There is no direct central potential derived from nuclear
strong force, but some central potentials are used to
determined the possible shell structure of the nucleus



Shell Model: Rigid Sphere Potential

I Rigid sphere potential, with the radius a,

U(r) =

{
0, 0 ≤ r ≤ a
∞, r > a

Solution of (14), inside the sphere will be
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(15) 7→ ρ2R′′El + 2ρR′El + (ρ2 − l(l + 1))REl = 0 (16)

I Equation (16) is known from Wolfram Alpha as spherical
Bessel equation, its solutions are spherical Bessel function
of the first kind jl(ρ) and the second kind nl(ρ)

REl(kr) = C1ljl(kr) + C2lnl(kr) (17)

But nl(kr) is not finite at origin r = 0, so the we set
C2l = 0, and we have only REl(r) = C1ljl(kr) as our
solution.



I Spherical Bessel functions

I Boundary condition at r = a 7→ jl(ka) = 0, then k will be
determined from the zero of the spherical Bessel function of
the first kind, i.e., ka = Znl
(https://keisan.casio.com/exec/system/1180573465)



I Nuclear energy levels are
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Shell Model: Isotropic Harmonic Potential

I Isotropic harmonic potential
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Solution of (14) will be
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At ρ→∞,
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I Let us define
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Insertion into (21), we get
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I Continue from (24)
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There are two series of (25), i.e., even k = 0, 2, 4, ... and
odd k = 1, 3, 5, ..., corresponding to two solutions of the
equation.
To terminate the series, we will have a condition
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I To be convenience, let us shift nr → 2nr and k → 2k, then
we have from (26,27)
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Shell Model: Spin-Orbit Coupling

I LS-coupling potential, derived in atomic physics, is
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I LS-splitting in nuclear shell model (isotropic HO)



Woods-Saxon potential

I Woods-Saxon potential

VWS(r) = − V0

1 + e
r−R
a

with radius R = r0A
1/3, the potential depth V0 ∼ 50MeV ,

and the skin thickness a ∼ 0.5fm.

I Non-analytic solution of radial function of Schrodinger’s
equation appear in Flugge (1994), Practical Quantum
Mechanics (Springer Verlag), Problem 64.



I Analytic solution of radial function of SE is derived with
Nikiforov-Uvarov (NU) method

I Energy levels + LS coupling (cannot find the reference yet)



I Predictions of shell model
I magic numbers
I explain spin and ground state parity of most nuclei
I explain nuclear dipole and quadrupole moments of most

nuclei

I Failures of the shell model
I some nuclei cannot get predictions from shell model


