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The Zeemann effect.

Pieter Zeeman in 1896 discovered that a magnetic field broadened the
yellow D lines produced when sodium is placed in a flame. This is
known as normal Zeemann effect.

In 1897, Thomas Preston reported a similar effect to Zeeman but with
more complicated results, it is known as anomalous Zeemann effect.

The line splitting results from the effect of the magnetic field on the
atomic energy levels. The magnetic interaction of atomic electron
produces an amount of energy

UB = −~µe · ~B, (1)

~µe =
−e

2me
(~L + g ~S), g = 2 (2)

For a uniform magnetic in z-direction, ~B = Bẑ , we will have

UB =
e

2me
(Lz + 2Sz)B =

µBB

~
(Lz + 2Sz) (3)

where µB = e~
2me

= 5.788× 10−5eV /T is Bohr magneton.
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Weak-field Zeemann effect

The weak-field Zeemann effect can be normal when the electron spin
magnetic moment dose not have any contribution to the magnetic
interaction, or it can be anomalous when the electron spin magnetic
moment have contribution in magnetic interaction.

Normal Zeeman effect is determined from the magnetic interaction
energy

UB =
µBB

~
Lz (4)

Takes this as the perturbation to the hydrogen energy level, when
apply with perturbation theory using the unperturbed atomic state
|nlm >, we will have perturbed atomic energy, at the first order, as

∆E
(1)
nlm =< nlm|UB |nlm >= mµBB (5)

En → E
(1)
nlm = E

(0)
n + mµBB (6)
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Anomalous Zeemann effect is determined from the magnetic
interaction energy

UB =
µBB

~
(Lz + gSz), g = 2 (7)

Takes this as the perturbation of atomic energy level. In the weak
field limit, the magnetic interaction energy is comparable to the
spin-orbit coupling energy, so that we have to determine it from the
total angular momentum state |nljmj >.
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Let us determine the total angular momentum

~J = ~L + ~S (8)

The projection of ~S onto the direction of ~J is written as

~SJ =
~S · ~J
J2

~J (9)

It will be used to evaluate the quantum expectation value from the
state |nljmj >.
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(Cont.) We can evaluate ~S · ~J from the fact that

~L = ~J − ~S → L2 = J2 + S2 − 2~S · ~J (10)

→ ~S · ~J =
1

2
(J2 − L2 −+S2) (11)

It follows that

〈nljmj |(Lz + gSz)|nljmj〉 =

〈
nljmj

∣∣∣∣∣
(

1 + (g − 1)
~S · ~J
J2

)
Jz

∣∣∣∣∣ nljmj

〉

= ~mj

(
1 +

(g − 1)

2

j(j + 1)− l(l + 1) + s(s + 1)

j(j + 1)

)
= ~gJmj (12)

where we have defined Lande g-factor

gJ = 1 +
g − 1

2

j(j + 1)− l(l + 1) + s(s + 1)

j(j + 1)
(13)
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From (7) we have the perturbed energy, at the first order level, equal
to

∆E
(1)
nljmj

= gJmjµBB (14)
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We have no transitions 2S → 1S , according to the selection rules.
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Strong-field Zeemann effect

In the strong field limit, the magnetic interaction energy become
greater than the spin-orbit coupling energy, so the we may think of
the magnetic interaction independently with orbital and spin magnetic
moments.

Takes this interaction as the perturbation of the atomic levels, and
the first order perturbation energy will be determined form the atomic
state |nlmlsms >

Then we have

∆E
(1)
nlmlms

=

〈
nlmlsms

∣∣∣∣µBB

~
(Lz + gSz)

∣∣∣∣ nlmlsms

〉
= (ml + gms)µBB (15)

It is known as the Paschen-Back effect.
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** Magnetic interaction effects to the atomic energy levels splitting in the
same order of atomic fine structures.
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Intermediate-field Zeemann effect

We do not have asymptotic connection between the weak and strong
field Zeemann effects, since they use different sets of atomic state.

One way we can do this is by rewriting one atomic state in term of
the other.

We choose |ls; mlms > as a good set of atomic state, and will do the
expansion of the other set |ls; jmj > on this set as

|ls; jmj >=
∑
ml ,ms

C lsj
mlmsmj

|ls; mlms > (16)

C lsj
mlmsmj

=< ls; mlms |ls; jmj >→ CG − coefficient (17)

where we have ignored the independent n-quantum number.

For l = 0, we have ψl ,i = |jmj >, i = 1, .., 2j + 1 as

ψ0,1 = |1/2,+1/2 >= |0, 1/2; 0,+1/2 > (18)

ψ0,2 = |1/2,−1/2 >= |0, 1/2; 0,= 1/2 > (19)
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For l = 1, we will have

ψ1,1 = |3
2
,+

3

2
>= |1, 1

2
; +1,+

1

2
> (20)

ψ1,2 = |3
2
,−3

2
>= |1, 1

2
;−1,−1

2
> (21)

ψ1,3 = |3
2
,+

1

2
>=

√
1

3
|1, 1

2
; 1,−1

2
> +

√
2

3
|1, 1

2
; 0,+

1

2
> (22)

ψ1,4 = |1
2
,+

1

2
>=

√
2

3
|1, 1

2
; +1,−1

2
> −

√
1

3
|1, 1

2
; 0,+

1

2
>(23)
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For l = 1, cont.

ψ1,5 = |3
2
,−1

2
>=

√
2

3
|1, 1

2
; 0,−1

2
> +

√
1

3
|1, 1

2
;−1,+

1

2
>(24)

ψ1,6 = |1
2
,−1

2
>=

√
1

3
|1, 1

2
; 0,−1

2
> −

√
2

3
|1, 1

2
;−1,+

1

2
>(25)

The weak-field Zeemann effect will be calculated in term of the
matrix elements as

Wl ,ij = µBB 〈ψi |(ml + gms)|ψj〉 (26)

For l = 0

W0,ij = µBB

(
1 0
0 −1

)
(27)
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For l = 1

W1,ij =



2 0 0 0 0 0
0 −2 0 0 0 0

0 0 2/3 −
√

2/3 0 0

0 0 −
√

2/3 1/3 0 0

0 0 0 0 −2/3 −
√

2/3

0 0 0 0 −
√

2/3 −1/3

 (28)

The following sub matrices need diagonalization

W1,(34)ij =

(
2/3 −

√
2/3

−
√

2/3 1/3

)
(29)

W1,(56)ij =

(
−2/3 −

√
2/3

−
√

2/3 −1/3

)
(30)
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Conclusions
I In the weak field limit, |nl ; jmj > is a good quantum state
I In the strong field limit, |nls; mlms > is a good quantum state, and

related to |nl ; jmj >, as appear in (18-25).

The diagonalization process will be posted in Mathematica Code later!
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