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10 Kaluza-Klein Theory and Extra Dimensions

From Einstein’s equation og gravity, its solution is local metric tensor of
curved manifold which is equivalent to the existence gravity from massive
object. Actually we have many guest metric tensor for particular gravity
or black hole. The metric tensor was also constructed in 4+1 dimension for
unification of gravity and electromagnetism done by Kaluza and Klein. And
later this idea is extended to dimension greater than 5.

10.1 Kaluza-Klein theory

For simplicity we will work with unit in which h̄ = c = G1. Let µ, ν, ... =
0, 1, 2, 3 are tensor indices of M4 and A,B,C, ... = 0, 1, 2, 3, 4 are tensor
indices of M5. (Md is d-dimensional curved manifold.) The Kaluza-Klein
(KK) metric tensor is constructed on M5 in the form

ĝAB(x) =

(
gµν(x) + φ2(x)Aµ(x)Aν(x) φ2(x)Aµ(x)

φ2(x)Aν φ2(x)

)
(10.1)

when φ(x) is a scalar field and Aµ(x) is a vector field defined on M4. We
can observe from above that

ĜAB =

(
gµν −Aµ
−Aν gαβA

αAβ − 1
φ2

)
(10.2)

dŝ2 = ĝABdx̂
Adx̂B = gµνdx

µdxν + 2Aµdx
µdy + φ2dydy (10.3)

From the geometrical point of view of the corresponding M5 we will have

Γ̂CAB =
1

2
ĝCD (∂AĝDB + ∂B ĝDA − ∂DĝAB) (10.4)

R̂AB = ∂C Γ̂CAB − ∂BΓ̂CAC + Γ̂CABΓ̂DCD − Γ̂CADΓ̂DBC (10.5)

ĜAB = R̂AB −
1

2
ĝAB ,̂ R̂ = ĝABR̂AB (10.6)

From dynamical point of view, we will have

Ŝ =
1

16π

∫
d4x

∫
dy
√
−ĝR̂ (10.7)

7→ δS = 0→ ĜAB = 0↔ R̂AB = 0 (10.8)
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From (14.1), applying with cylindrical condition, i.e. M5 = M4×S1, we we
will have (14.5) in the form

S =
1

16π

∫
d4x
√
−gφ(x)

(
R+

1

4
φ2FµνF

µν +
2∂2φ

3φ

)
(10.9)

And δS = 0 leads to

Gµν = 8πGTµν −
1

φ
[∂µ∂νφ− gµν∂2φ] (10.10)

∂µFµν = − 3

φ
Fµν∂

µφ (10.11)

∂2φ = 4πGφ3FµνF
µν (10.12)

with Tµν = 1
4gµνFαβF

αβ − gαβFµαFβν is the Maxwell energy-momentum
tensor. Note that when φ = 1 we get a unified description of non-coupling
Einstein gravity and Maxwell electromagnetism, as proposed by Kaluza and
Klein.

10.2 KK compactifications

Now let us study dimensional reduction or compactification of fields in higher
dimensional manifold into product of the lower ones, i.e., in KK theory the
reduction is M5 →M4 × S1.

10.2.1 Compactification of scalar field

For a real scalar field φ(x, y) which is defined on M5, with x ∈ M4 and
y ∈ S1, the compactification is done by doing the mode expansion as

φ(x, y) =
1√
2πR

∞∑
n=0

φn(x)einy/R (10.13)
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This results to cylindrical condition φ(x, y + 2πR) = φ(x, y). The massless
free field action in M5 will reduces into the form

Ŝ[φ] =
1

2

∫
d4x

∫
dy∂Aφ(x, y)∂Aφ(x, y) (10.14)

=
1

2

∫
d4x

∫
dy

1

2πR

∑
n,m

{
∂µφn(x)einy/R∂µφm(x)eimy/R

−
(
in

R

)
φn(x)einy/R

(
im

R

)
φm(x)eimy/R

}
(10.15)

=
∑
n,m

∫
d4x

(
1

2πR

∫
dyei(n+m)y/R

)
︸ ︷︷ ︸

=δn,−m

×
[
∂µφn(x)∂µφm(x) +

nm

R2
φn(x)φm(x)

]
=

∫
d4x [∂µφ0(x)∂µφ0(x)

+
∞∑
n

(
∂µφn(x)∂µφ−n(x)− n2

R
φn(x)φ−n(x)

)]
(10.16)

On M4 we have massless scalar field for the mode φ0(x) and the KK-tower
of massive scalar field with mass mn = n

R . These mass tower becomes huge
masses when R→ 0∞ and become small when R→ 0

10.2.2 Compactification of vector field

For a vector field AA(x, y) on M5 it compactification into M4 × S1 is done
as

AM (x, y) =

∞∑
n=0

An,M (x)einy/R (10.17)

And

Ŝ[A] =

∫
d4x

∫
dy

[
−1

4
FMNF

MN

]
(10.18)

=

∫
d4x

∫
dy

{
−1

4
FµνF

µν +
1

2
(∂µA4 − ∂4Aµ)

(
∂µA4 − ∂4Aµ

)]
(10.19)

=

∫
d4x

∞∑
n=0

[
1

4
Fn,µνF

µν
−n +

1

2

(
∂µA−n,4 +

in

R
∂4A−n,µ

)
×
(
∂µA4

n −
in

R
∂4Aµn

)]
(10.20)
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Apply with the following gauge transformations

Aµn(x)→ Aµn(x)− i

n/R
A4
n, A

4
n → 0, for n 6= 0 (10.21)

Then we have

S[A] =

∫
d4x

[
−1

4
F0,µνF

µν
0 +

1

2
∂µA

4
0∂

µA4
0

]
+

∫
d4x

∞∑
n≥1

[
−1

4
F−n,µνF

µν
n +

1

2

n2

R
A−n,µA

µ
n

]
(10.22)

We also get a KK tower of massive vector fields of the modes n ≥ 1 and
massless vector field and massless scalar field A4

0 for the mode n = 0.
The matter-coupled gauge field can be constructed with the covariant

derivative defined on M5 in the form

DM = ∂M + ig5AM , g5 − gauge coupling in d = 5 (10.23)

7→ Dµ = ∂µ + ig5Aµ (10.24)

∂µ + ig5
1√
2πR

A0,µ + ... (10.25)

This shows that

g4 =
g5√
2πR

(10.26)

where g4 grows up (strong coupling) as R→ 0 and dies out (weak coupling)
as R→∞.

10.3 Extradimensions

There are models of extra dimension beyond 4 + 1. which seem to have
applications in gravity and particle physics.

10.3.1 Warped (small) extra dimension

Randall–Sundrum model

10.3.2 Large extra dimension

ADD model, by Nima Arkani-Hamed, Savas Dimopoulos, and Gia Dvali

10.3.3 Universal extra dimension

It is just RS + ADD model
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