SCPY523 Classical Field Theory

0 Introduction

0.1 Natural unit

We will work in unit in which light speed and Plank constant are measured to
be ¢ =1 = K. In this unit we will observe basic physical quantities in dimension
of mass

[mass] = [energy] = [momentum] = [length]™' = [time] ™"

0.2 Minkowski space

The formulation will be done on four-dimensional Minkowski space M?, with
coordinates
reM == ate,, x=xz,e”, ele, =61y

9uv = €u€y, guy = (g;w)_l = guagau = oMy, uv = diag.(—h ) _)
— ot = (Jco,xl,xz,x?’),xu = (zo, 21,22, 23) = g’ = (mo, —zt, —a2?, —a?)
¥ = at, = guatat = () — (@) - (2 — (a)

0, = (80, V), 0" = (35, —V) = 82 = 9,0" = 0% — V2

0.3 Special relativity

Special relativity (SR) can be determined though Lorentz transformation (LT)
of 4-position z# = (t, %), i.e. z* € M*, which is written in the form

LT
ot 2 gt = AF Y

For example the case of Lorentz boost in 01-plane, we have

— 0 0
By 57 0 0 t'=1(t - fz),
I r_ _
Moo 0 10| ,_j(xz, fi)
0 0 0 1 y=uns=
An infinitesimal LT is written in the form
A¥, ~ o + wt,,, where W = —w"#

0.4 Lorentz group, algebra and representation
From SR we know that spacetime distance squared is Lorentz scalar

2 _ 2 .7 2

T F=a?=t’-—F-F=7>when =0

where 7 is a proper time. From the viewpoint of LT we observe that

12

/ v v o o 2
2 =gt = gu A N 2P x” = geafa’ =
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= g/,LVAMpAVa‘ = Gpo — (det A)2 =
1= (A%)* = (A'0)* = (A%)* — (M%) =~ (A%)* >1
Or A% >=+1, and A% < —

The LT A with det A = +1 and A%, >= +1 form to be a continuous transforma-
tion known as proper othochronous Lorentz transformation or SO(3,1). When
LT is a symmetry transformation SO(3,1) will be a symmetry group. The gen-
erator of this group is determined from its infinitesimal transformation.

Let f(x) be Lorentz scalar function, i.e. invariant in form under LT, such

that
LT

T a f(2) S5 @) = f@) o f(2) = f(A )

ot =gt — iy, = f(2) = fr —wx) = f(z) — w20, f(z) +

( )
f(z) = flz) - w“”(myau —2,0,) f(x) + ...

= (1 - inMW + > flz) = e 3" Muv ()
when M, =i(z,0, — x,0,)
This sows that M,,, is a generator of LT, it satisfies the algebra
[M[LV7 M } igule/a + igurrM/Lp - ig[LUMVp - igpr/La

HH

Since LT is rotations on spatial plane and spacetime plane (boost), so that we

can define L

Moi = Ki, Mij = Seijrdy

= (K, K] = degpdr, [K+1,J5] = —iein K, [Ji, Jj] = ieijndi

We observe two coupled rotations, in order to decoupling them we can do linear
combination

i i Y] i Y

1
JE = 5 (i £iK) e [JE, TE) = den T 5k, [JE,JF] =0

So that two Casimir operators of the Lorentz algebra are constructed from these
two generalized angular momentum J*

Cr=(I")? =51 +1), Co=(J")?=ja(ja+1)
o 1.3
Ji,52 =0, ok 1, 5,2,
and the Lorentz representation is written in the form (j1,72). The following is
a list of some Lorentz representation:

(J1,J2) Spin Name Symbol
(0,0) 1 KG-scalar )
(3,0),(0,3) z L-Weyl spinor, R-Weyl spinor | ), %"
(5,00 (0, 3) z Dirac spinor U
(%, %) 1, (0) | Maxwell vextor+gauge cond. AH
(,3®[(,0(0,2) | 2,(3) Rarita-Schwinger + cond. PH
(1,1) 2 Einstein tensor + gauge cond. hyw




