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0 Introduction

0.1 Natural unit

We will work in unit in which light speed and Plank constant are measured to
be c = 1 = h̄. In this unit we will observe basic physical quantities in dimension
of mass

[mass] = [energy] = [momentum] = [length]−1 = [time]−1

0.2 Minkowski space

The formulation will be done on four-dimensional Minkowski space M4, with
coordinates

x ∈M4 7→ x = xµeµ, x = xµe
µ, eµeν = δµν

gµν = eµeν , g
µν = (gµν)−1 7→ gµαgαν = δµν, gµν := diag.(+,−,−,−)

7→ xµ = (x0, x1, x2, x3), xµ = (x0, x1, x2, x3) = gµνx
ν = (x0,−x1,−x2,−x3)

x2 = xµxν = gµνx
µxν = (x0)2 − (x1)2 − (x2)2 − (x3)2

∂µ = (∂0,∇), ∂µ = (∂0,−∇) 7→ ∂2 = ∂µ∂
µ = ∂20 −∇2

0.3 Special relativity

Special relativity (SR) can be determined though Lorentz transformation (LT)
of 4-position xµ = (t, ~x), i.e. xµ ∈M4, which is written in the form

xµ
LT−−→ x′µ = Λµνx

ν

For example the case of Lorentz boost in 01-plane, we have

Λµν


γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

 7→ t′ = γ(t− βx),
x′ = γ(x− βt),
y′ = y, z′ = z

An infinitesimal LT is written in the form

Λµν ' δµν + ωµν , where ωµν = −ωνµ

0.4 Lorentz group, algebra and representation

From SR we know that spacetime distance squared is Lorentz scalar

x′2 = t′2 − ~x′ · ~x′ = x2 = t2 − ~x · ~x ≡ τ2 when ~x = 0

where τ is a proper time. From the viewpoint of LT we observe that

x′2 = gµνx
′µx′ν = gµνΛµρΛ

ν
σx

ρxσ = gρσx
ρxσ = x2
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7→ gµνΛµρΛ
ν
σ = gρσ → (det Λ)2 = 1

1 = (Λ0
0)2 − (Λ1

0)2 − (Λ2
0)2 − (Λ3

0)2 7→ (Λ0
0)2 ≥ 1

Or Λ0
0 ≥= +1, and Λ0

0 ≤ −1

The LT Λ with det Λ = +1 and Λ0
0 ≥= +1 form to be a continuous transforma-

tion known as proper othochronous Lorentz transformation or SO(3,1). When
LT is a symmetry transformation SO(3,1) will be a symmetry group. The gen-
erator of this group is determined from its infinitesimal transformation.

Let f(x) be Lorentz scalar function, i.e. invariant in form under LT, such
that

x
LT−−→ x′, f(x)

LT−−→ f ′(x′) = f(x) 7→ f ′(x) = f(Λ−1x)

x′µ ' xµ − ωµνxν 7→ f ′(x) = f(x− ωx) = f(x)− ωµνxν∂µf(x) + ...

f ′(x) = f(x)− 1

2
ωµν(xν∂µ − xµ∂ν)f(x) + ...

=

(
1− i

2
ωµνMµν + ...

)
f(x) = e−

i
2ω

µνMµνf(x)

when Mµν = i(xµ∂ν − xν∂µ)

This sows that Mµν is a generator of LT, it satisfies the algebra

[Mµν ,Mρσ] = igµρMνσ + igνσMµρ − igµσMνρ − igνρMµσ

Since LT is rotations on spatial plane and spacetime plane (boost), so that we
can define

M0i = Ki, Mij =
1

2
εijkJk

7→ [Ki,Kj ] = iεijkJk, [K + i, Jj ] = −iεijkKk, [Ji, Jj ] = iεijkJk

We observe two coupled rotations, in order to decoupling them we can do linear
combination

J±i =
1

2
(Ji ± iKi) 7→ [J±i , J

±
j ] = iεijkJ

±k, [J±i , J
∓
j ] = 0

So that two Casimir operators of the Lorentz algebra are constructed from these
two generalized angular momentum J±

C1 = (J+)2 = j1(j1 + 1), C2 = (J−)2 = j2(j2 + 1)

j1, j2 = 0,
1

2
, 1,

3

2
, 2, ...

and the Lorentz representation is written in the form (j1, j2). The following is
a list of some Lorentz representation:

(j1, j2) Spin Name Symbol
(0, 0) 1 KG-scalar φ

( 1
2 , 0), (0, 12 ) 1

2 L-Weyl spinor, R-Weyl spinor ψα, ψ̄
α̇

( 1
2 , 0)⊕ (0, 12 ) 1

2 Dirac spinor Ψ
( 1
2 ,

1
2 ) 1, (0) Maxwell vextor+gauge cond. Aµ

( 1
2 ,

1
2 ⊗ [( 1

2 , 0)⊕ (0, 12 ) 3
2 , (

1
2 ) Rarita-Schwinger + cond. Ψµ

(1, 1) 2 Einstein tensor + gauge cond. hµν
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