
4 Weyl and Majorana Spinor Fields

4.1 Weyl spinor

4.1.1 Weyl representation of gamma matrix

Let us determine massless Dirac equation

iγµ∂µΨ(x) = 0 (4.1)

where γµ is Dirac gamma matrix, satisfy Clifford algebra {γµ, γν} = 2gµν . Solu-
tion of (4.1) cannot derived within Dirac representation of the gamma matrices
as

γ0 = β =

(
σ0 0
0 −σ0

)
, γi = βαi =

(
0 σi

−σi 0

)
, i = 1, 2, 3

where σ0 = 1 is 2x2 identity and {σi} is a set of Pauli matrices. On the other
hand, solution of (4.1) can be well derive within Weyl representation of the
gamma matrix as

γµ =

(
0 σµ

σ̄µ 0

)
, where σµ = (1, ~σ), σ̄µ = (1,−~σ) (4.2)

7→ {σµ, σ̄ν} = 2gµν , γ5 = iγ0γ1γ2γ3 =

(
−1 0
0 1

)
(4.3)

Trial positive energy solution of (4.1) is written as Ψ(+)(x) ∼ U(k)e−ik·x, so
that from (4.1) we will have

γµkµU(k, h) = 0 (4.4)

For U =

(
u1

u2

)
7→
(

0 σµkµ
σ̄µkµ 0

)(
u1

u2

)
= 0 (4.5)

7→ 0 = σ̄µkµu1 = (k0 + ~σ · ~k)u1 = k0(1 + ĥ)u1 → ĥu1 = −u1 (4.6)

7→ 0 = σµkµu2 = (k0 − ~σ · ~k)u2 = k0(1− ĥ)u2 → ĥu2 = +u2 (4.7)

after we have used the fact that k2 = 0 7→ (k0)2 = |~k|2, and we have defined

helicity operator ĥ = ~σ · k̂, where k̂ = ~k/|~k|. Note also that

ĥχh = hχh, h = ±1

where h = +1 is called right handedness helicity and h = −1 is called left
handedness helicity, and χh is called helicity-spinor. From above we observe
that u1 is left-handedness helicity spinor, and u2 is right handedness helicity
spinor. Let us denote them as

u1(k) = χ−1(k) = η(k), u2(k) = χ+(k) = ψ̄(k) 7→ U(k) =

(
η(k)
ψ̄(k)

)
(4.8)

η(x) ∼ η(k)e−ik·x, ψ̄(x) ∼ ψ̄(k)e−ik·x 7→ Ψ(+)(x) =

(
η(x)
ψ̄(x)

)
(4.9)
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For the trial negative energy solution, we write Ψ(−)(x) ∼ V (k)eik·x, from (4.1)
we have

−γµkµV (k) = 0 (4.10)

This shows that V (k) satisfy the same equation as U(k) but must differ from
U(k). From (4.8), we have only one way to write for the different solution

V (k) =

(
v1(k)
v2(k)

)
, 7→ v1 = u1, v2 = −u2, 7→ V (k) =

(
η(k)
−ψ̄(k)

)
(4.11)

7→ Ψ(−)(x) =

(
η(x)
−ψ̄(x)

)
(4.12)

This means that Weyl solution of massless Dirac equation is well written in
terms of helicity spinors.

4.1.2 Chirality of massless Dirac spinor

Chiral operators are defined as

PR/L =
1

2
(1± γ5) 7→ PR =

(
0 0
0 1

)
, PL =

(
1 0
0 0

)
(4.13)

Chirality of Dirac spinor is then appear as

Ψ
(±)
R (x) = PRΨ(±)(x) =

(
0

±ψ̄(x)

)
(4.14)

Ψ
(±)
L (x) = PLΨ(±)(x) =

(
η(x)

0

)
(4.15)

This shows that right chiral Dirac spinor is connected to right handedness helic-
ity spinor, and left chiral Dirac spinor is connected to right handedness helicity
spinor

4.1.3 Dirac Lagrangian in terms of Weyl spinors

The massless Dirac Lagrangian is

L = Ψ̄iγµ∂µΨ = i
(
ψ̄† η†

)( 0 σµ

σ̄µ 0

)
∂µ

(
η
ψ̄

)
= iη†σ̄µ∂µη + iψ̄†σµ∂µψ̄ (4.16)

This leads to Weyl equations for left-handedness and right handedness spinors
as

iσ̄µ∂µη = 0, and iσµ∂µψ̄ = 0 (4.17)
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4.1.4 Spinor indices

Let us assign indices for left handedness and right handedness spinors in the
form

η 7→ ηα, η† 7→ (ηα)† = η̄α̇ (4.18)

ψ̄ 7→ ψ̄α̇, ψ̄
† 7→ (ψ̄α̇)† = ψα (4.19)

with α, β, ... = 1, 2 and α̇, β̇, ... = 1̇, 2̇. We can lift or lower these indices by
using total antisymmetric tensor as

εαβ = εα̇β̇ =

(
0 1
−1 0

)
= −εαβ = −εα̇β̇ (4.20)

→ ηα = εαβη
β , ηα = εαβηβ , and ψ̄α̇ = εα̇β̇ψ̄β̇ , ψ̄α̇ = εα̇β̇ψ̄

β̇ (4.21)

The contractions are defined as

η · η = ηαη
α, and ψ̄ · ψ̄ = ψ̄α̇ψ̄α̇ (4.22)

Similarly we also assign the spinor indices to gamma matrix in the form

iη†σ̄µ∂µη 7→ iη̄α̇σ̄µα̇β∂µη
β (4.23)

iψ̄†σµ∂µψ̄ 7→ iψασ
µ,αβ̇∂µψ̄β̇ (4.24)

{σµ, σ̄ν} = γµσ̄ν + σ̄νσµ 7→ σµ,αβ̇ σ̄β̇α + σ̄να̇βσ
µ,βα̇ = 2gµν (4.25)

σµkµ 7→ σµ,αβ̇kµ ≡ kαβ̇ =

(
k0 − k3 −k1 + ik2

−k1 − ik2 k0 + k3

)
(4.26)

σ̄µkµ = σ̄µα̇βkµ ≡ kα̇β =

(
k0 + k3 k1 − ik2

k1 + ik2 k0 − k3

)
(4.27)

det(k) = (k0)2 − |~k|2 = k2 = 0 7→ kµ − null vector (4.28)

4.1.5 Spinor repsentation of Lorentz transformation

Let us determine Lorentz transformation of Weyl equation (WE)

x
LT−−→ x′ = Λx, η(x)

LT−−→ η′(x′) = S(Λ)η(x) (4.29)

WE
LT−−→ iDσ̄µ∂µη(x) = iDσ̄µD−1︸ ︷︷ ︸

=Λµν σ̄ν

∂µDη(x) = iσ̄ν∂′νη
′(x′) = 0 (4.30)

From infinitesimal transformation Λ ' 1 + ω, we have

D(ω) = e−i
1
2ωµνS

µν

, where Sµν =
1

4
[γµ, γν ] (4.31)

Since
[γµ, γν ] = γµγν − γνγµ
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=

(
0 σµ

σ̄µ 0

)(
0 σν

σ̄ν 0

)
−
(

0 σν

σ̄ν 0

)(
0 σµ

σ̄µ 0

)
=

(
σµσ̄ν − σν σ̄µ 0

0 σ̄µσν − σ̄νσµ
)

=

(
4σµν 0

0 4σ̄µν

)
where

σµν = (σµν)α
β , (σ̄µν)α̇β̇ , and Sµν =

(
σµν 0
0 σ̄µν

)
D(ω) =

(
M 0
0 M̄

)
, M = e−

i
2ωµνσ

µν

, M̄ = e−
i
2ωµν σ̄

µν

4.2 Majorana spinor field

Majorana representation of Dirac gamma matrices are

γ̃0 = σ2 ⊗ σ1, γ̃1 = iσ1 ⊗ 1, γ̃2 = iσ3 ⊗ 1, γ̃3 = iσ2 ⊗ σ2 (4.32)

Dirac equation will appear in the form

(iγ̃µ∂µ −m)Ψ̃(x) = 0 (4.33)

where Ψ̃(x) is Majorana spinor. Since γ̃µ is pure complex, this will make Dirac
equation to be real and Majorana solution will be real spinor. For massless field,
we can write

Ψ̃(x) =

(
ηα(x)
η̄α̇(x)

)
7→ (Ψ̃†)T (x) = Ψ̃(x) (4.34)
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