
AQFT: non-perturbative method
Thursday 4, February 2021, lecture 3

3 Quantum Chromodynamics or QCD

3.1 QCD Lagrangian

QCD is a gauge theory of quark (q)-gluon(g) interaction, with SU(3) color
gauge group. The QCD Lagrangian, with gauge fixing and FP ghost terms,
is

LQCD = ψ̄i(i /D
ij −mδij)ψi − 1

4
F a
µνF

aµν − 1

2λ
(∂Aa)2 − η̄a∂µDab

µ [A]ηb (3.1)

where ψi is quark color triplet, and 1

F a
µν = ∂µA

a
ν − ∂νAaµ + qcf

abcAbµA
c
ν (3.2)

Dij
µ = δij∂µ − iqc(ta)ijAaµ (3.3)

Adj. rep.→ Dab
µ = δab∂µ − qcfabcAcµ (3.4)

Note that qc is the color charge, or gauge coupling constant, and η is FP
ghost field.

3.2 QCD Feynman rules

Let us determine

−1

4
F a
µνF

a
µν = −1

4
(∂µA

a
ν − ∂νAaµ + qfabcAbµA

c
ν)

×(∂µAaν − ∂νAaν + qfadeAdµAeν)

= −1

4
(∂µA

a
ν − ∂νAaµ)(∂µAaν − ∂νAaν)

−1

2
qcf

abcAbµA
c
ν(∂

µAaν − ∂νAaν)

−1

4
q2cf

abcF adeAbµA
c
νA

dµAeν (3.5)

We can rewrite (3.1) in the form

LQCD = Lq + Lg+gf + Lq−g + L2g + L3g + Lghost + Lg−ghost (3.6)

1Adjoin representation (ta)bc = −ifabc.
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where

Lq = ψ̄i(i/∂ −m)ijψj (3.7)

Lg+gf =
1

2
Aµ

[
gµν∂2 −

(
1− 1

λ

)
∂µ∂ν

]
Aν (3.8)

Lq−g = qcψ̄
iγµψj(ta)ijAaµ (3.9)

L2g = −1

2
qcf

abcAbµA
c
ν(∂

µAaν − ∂νAaν) (3.10)

L3g =
1

4
q2cf

abcF adeAbµA
c
νA

dµAeν (3.11)

Lghost = η̄aδab∂2ηb (3.12)

Lg−ghost = −qcfabc(∂µη̄a)ηbAcµ (3.13)

Feynman rules are applied to these Lagrangian as in the figures (3.1, 3.2).

Figure 3.1: QCD Feynman rules.
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Figure 3.2: QCD gluon vertices.

3.3 Elements of su(3) algebra

The su(3) generators are t1 = 1
2
λa, a = 1, 2, ..., 8, while {λa} is a set of

Gell-Mann matrices. They satisfy the Lie algebra[
ta, tb

]
= ifabctc (3.14)

where fabc are structure constants of the algebra, i.e. they are totally an-
tisymmetric. The generator ta and structure constant fabc satisfy Jacobi
identity [

ta,
[
tb, tc

]]
+
[
tc,
[
ta, tb

]]
+
[
tb, [tc, ta]

]
= 0 (3.15)

f bcdfade + fabdf cde + f cadf bde = 0 (3.16)

And there are related by

fabc = −2iT r
[
ta, tb

]
tc (3.17)

Summary of some color algebra always used in quark-gluon scattering
amplitude calculation. [

ta, tb
]

= ifabctc (3.18)

Tr[ta] = 0, T r[tatb] =
1

2
δab (3.19)∑

a,j

(ta)ij(t
b)jk = NF δik,

∑
a,c

(fa)bc(f
a)cd = NAδbd (3.20)
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The representations of the generator ta consist of i) fundamental repre-
sentation (ta)ij in the color triplet ψi, and ii) adjoin representation (ta)bc =
−ifabc on the color group basis. The basic properties of the generator ta are

Tr[ta] = 0, T r[tatb] =
1

2
δab (3.21)∑

a,j

(ta)ij(t
a)jk = CF δik, CF =

N2 − 1

2N
=

4

3
, N = 3 (3.22)∑

b,c

fabcfdbc = CAδ
ad, CA = N = 3, N = 3 (3.23)

3.4 QCD elementary processes

3.4.1 qq → qq scattering

Feynman diagrams

Figure 3.3: qq → qq scattering diagrams.

The amplitudes are

iMa = (−iqc)2Ūi′(1′)γµtai′iUi(1)
−igµν
k2

Ūj′(2
′)γνtbj′jUj(2)

→Ma = i
q2c
k2
(
tai′it

b
j′j

)
[Ūi′(1

′)γµUi(1)][Ūj′(2
′)γµUj(2)] (3.24)

iMb = (−iqc)2Ūj′(2′)γµtaj′iUi(1)
−igµν
k′2

Ūi′(1
′)γνUj(2)

→Mb = i
q2c
k′2
(
taj′it

b
i′j

)
[Ūj′(2

′)γµUi(1)][Ūi′(1
′)γµUj(2)] (3.25)
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Total amplitude, and the amplitude squared are

M = Ma +Mb → |M |2 = |Ma|1 + |Mb|2 + 2M∗
aMb (3.26)

Let us determine

|Ma|2 =
q4c
s2
(
tai′it

b
j′j

) (
tai′it

b
j′j

)†
[Ūi′(1

′)γµUi(1)][Ūj′(2
′)γµUj(2)]

×[Ūi(1)γνUi′(1
′)][Ūj(2)γνUj′(2

′)] (3.27)

Since (
tai′it

b
j′j

) (
tai′it

b
j′j

)†
=
(
tai′it

b
j′j

) (
tbjj′t

a
ii′

)
= (tai′it

a
ii′)
(
tbj′jt

b
jj′

)
=

4

3
· 4

3

Then we have

|Ma|2 =
4

3
· 4

3
· q

4
c

t2
[Ūi′(1

′)γµUi(1)Ūi(1)γνUi′(1
′)]

×[Ūj′(2
′)γµUj(2)Ūj(2)γνUj′(2

′)] (3.28)

When averaged overall incoming states ans sum overall outgoing states, we
will have

|Ma|2 =
1

4

∑
si′sj′

|Ma|2

=
4

9

q4c
t2
Tr
[
γµ(/p1 −m)γν(/p1′ −m)

]
Tr
[
γµ(/p2 −m)γν(/p2′ −m)

]
(3.29)

We will also have

|Mb|2 =
1

4

∑
si′sj′

|Mb|3

=
4

9

q4c
u2
Tr
[
γµ(/p2 −m)γν(/p1′ −m)

]
Tr
[
γµ(/p1 −m)γν(/p2′ −m)

]
(3.30)

Next let us determine

M∗
aMb =

q4c
tu

(
tai′it

b
j′j

)† (
taj′it

b
i′j

) [
Ūi(1)γµUi′(1

′)
] [
Ūj(2)γµUj′(2

′)
]

×
[
Ūj′(2

′)γνUi(1)
] [
Ūi′(1

′)γνUj(2)
]

(3.31)
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Since(
tai′it

b
j′j

)† (
taj′it

b
i′j

)
= tbjj′t

a
j′it

a
ii′t

b
i′j =

1

6
δabδij

1

6
δabδij =

1

36
· 8 · 3 =

2

3
(?)

We then have

M∗aMb =
2

3
· q

4
c

tu

[
Ūi(1)γµUi′(1

′)Ūi′(1
′)γνUj(2)

... Ūj(2)γµUj′(2
′)Ūj′(2

′)γνUi(1)
]

(3.32)

When averaged overall incoming states ans sum overall outgoing states, we
will have

M∗
aMb =

1

4

∑
si′sj′

M∗
aMb

=
1

6
· q

4
c

tu
Tr
[
γµ(/p1′ −m)γν(/p2 −m)γµ(/p2′ −m)γν(/p1 −m)

]
(3.33)

For the massless (energetic) quark, we will have

|Ma|2 =
4

9

q4c
t2
Tr[γµ /P 1γ

ν
/p1′ ]Tr[γµ/p2γν/p2′ ] (3.34)

|Mb|2 =
4

9

q4c
u2
Tr[γµ /P 2γ

ν
/p1′ ]Tr[γµ/p1γν/p2′ ] (3.35)

2M∗
aMb =

1

3

q4c
tu
Tr[γµ/p1′γ

ν
/p2γµ/p2′γν/p1] (3.36)

FeynCal?
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3.4.2 qg → qg Compton scattering

Figure 3.4: qg → qg Compton scattering diagrams.

3.4.3 gg → qq̄ pair creation

Figure 3.5: gg → qq̄ pair creation diagrams.
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