8 Chiral Symmetry and Chiral Field Theory

8.1 Chiral symmetry

Let us determine massless Dirac Lagrangian
L=wpdy (1)

where ¢ = ~*0,, is Feynman slash, and * is Dirac gamma matrix satisfy Clifford
algebra {y*,~v"} = 2¢". Note that v is a four component Dirac spinor, satisfy
masssless Dirac equation i@y = 0. For Dirac representation of the gamma

matrix
0 __ 12 0 i 0 O'i .
V= ( 0 _12 y V= _O.'L' 0 y L= 17273 (2)

where 15 is 2x2 identity matrix and {o?} is a set of Pauli’s matrices. We will
observe that the positive energy solution ¥+ (x) ~ U(k)e™*? and negative
energy solution 1/~ (z) ~ V(k)e'* satisfy the same equation. In order to make
them different, we have to use Weyl representation of the gamma matrix, as
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7# = GH 0 ) Wlth Oﬂu = (1,0’), Oﬂu = (L _U) (3)
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The Dirac spinor can be written in terms of two Weyl spinors, as

So that, the positive energy Dirac equation becomes

0 kyot ¥
— b AT = p
oharv= (o )(5) @
0= kyot'n= (k- k- &) ko(l — h)n,— hy = +1y (7)
0=kuo'x = (K + k- &)y = K°(1 + h)x, = hy = 1% (8)

with k# = (k°,%), and k% = 0 — & = |k|. And h = ]TTT it is called helicity
operator (handedness). From (6) n has helicity +1 or right-handedness, while x

has helicity -1 or left-handedness.
According to Dirac spinor 1) we can separate it into two helicity parts by
using chiral operators

1 0 0 1 1 0
— PuPp = Pg, PP, = Py, PaP, = PPz =0 (10)



So that

Yr = Prip ~ ( 2 )fﬂm
Y = Pry ~ ( § )6_“”
Y =vYr+YL

And one can write the massless Dirac Lagrangian
L =i = ippdpr + i Pr
and the conserved vector current J#, i.e. 9,J* =0,
JH = ytp = Yy PR + YLyt = T+ J)
and the conserved axial vector current A*
JE = Py sth = Yrypr — Py = T — JY

after we have used the fact that vs¢9 5, = +¢gr/1, and {y",75} = 0.

8.2 Axial symmetry

There are associated global U(1) symmetries

e Uy (1) symmetry

U= e = (1—ia)), Y = e’ = (1 +ia)
Jh =yt = (1 + i)y (1 — i)y = Py

o Ux(1) symmetry

b = e = (1= iays), § — P = (1 — iars)
JE = Pytys = (1 — darys) v ys (1 — darys ) = Pyt

Let us determine the mass term

£m = —m@ﬂ

(21)

We can observe that it is invariant under Uy (1) transformation but non invariant
under Uy (1) transformation. So that this term brakes chiral symmetry of the

model Lagrangian.



8.3 Chiral symmetry of QCD

Let us determine the QCD Lagrangian with the U(1) x SU(2) x SU(3.) gauge
symmetry, with the quark flavor spinor

w(g) (22)

Its Lagrangian is
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A, = ANt [t 1] = ifobete — su(3p) — algebra (25)
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8.4 Chiral effective field theory



