
8 Chiral Symmetry and Chiral Field Theory

8.1 Chiral symmetry

Let us determine massless Dirac Lagrangian

L = iψ̄ /∂ψ (1)

where /∂ = γµ∂µ is Feynman slash, and γµ is Dirac gamma matrix satisfy Clifford
algebra {γµ, γν} = 2gµν . Note that ψ is a four component Dirac spinor, satisfy
masssless Dirac equation i/∂ψ = 0. For Dirac representation of the gamma
matrix

γ0 =

(
12 0
0 −12

)
, γi =

(
0 σi

−σi 0

)
, i = 1, 2, 3 (2)

where 12 is 2x2 identity matrix and {σi} is a set of Pauli’s matrices. We will
observe that the positive energy solution ψ+(x) ∼ U(k)e−ik·x and negative
energy solution ψ−(x) ∼ V (k)eik·x satisfy the same equation. In order to make
them different, we have to use Weyl representation of the gamma matrix, as

γµ =

(
0 σµ

σ̄µ 0

)
, with σµ = (1, ~σ), σ̄µ = (1,−~σ) (3)

γ5 = iγ0γ1γ2γ3 =

(
−1 0
0 1

)
(4)

The Dirac spinor can be written in terms of two Weyl spinors, as

U(k) =

(
χ̄
η

)
(5)

So that, the positive energy Dirac equation becomes

0 = kµγ
µU =

(
0 kµσ

µ

kµσ̄
µ 0

)(
χ̄
η

)
(6)

0 = kµσ
µη = (k0 − ~k · ~σ)η = k0(1− ĥ)η,→ ĥη = +1η (7)

0 = kµσ̄
µχ̄ = (k0 + ~k · ~σ)χ̄ = k0(1 + ĥ)χ,→ ĥχ̄ = −1χ̄ (8)

with kµ = (k0,~k), and k2 = 0 → k0 = |~k|. And ĥ =
~k·~σ
|~k|

, it is called helicity

operator (handedness). From (6) η has helicity +1 or right-handedness, while χ
has helicity -1 or left-handedness.

According to Dirac spinor ψ we can separate it into two helicity parts by
using chiral operators

PR =
1

2
(1 + γ5) =

(
0 0
0 1

)
, PL =

1

2
(1− γ5) =

(
1 0
0 0

)
(9)

→ PRPR = PR, PLPL = PL, PRPL = PLPR = 0 (10)
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So that

ψR = PRψ ∼
(

0
η

)
e−ik·x (11)

ψL = PLψ ∼
(
χ̄
0

)
e−ik·x (12)

ψ = ψR + ψL (13)

And one can write the massless Dirac Lagrangian

L = iψ̄ /∂ψ = iψ̄R /∂ψR + iψ̄L /∂ψL (14)

and the conserved vector current Jµ, i.e. ∂µJ
µ = 0,

Jµ = ψ̄γµψ = ψ̄Rγ
µψR + ψ̄Lγ

µψL = JµR + JµL (15)

and the conserved axial vector current Aµ

Jµ5 = ψ̄γµγ5ψ = ψ̄Rγ
µψR − ψ̄γµψL = JµR − J

µ
L (16)

after we have used the fact that γ5ψR/L = ±ψR/L, and {γµ, γ5} = 0.

8.2 Axial symmetry

There are associated global U(1) symmetries

• UV (1) symmetry

ψ → e−iαψ = (1− iα)ψ, ψ̄ → ψ̄eiα = ψ̄(1 + iα) (17)

Jµ = ψ̄γµψ → ψ̄(1 + iα)γµ(1− iα)ψ ' ψ̄γµψ (18)

• UA(1) symmetry

ψ → e−iαγ5ψ = (1− iαγ5)ψ, ψ̄ → ψ̄e−iαγ5 = ψ̄(1− iαγ5) (19)

Jµ5 = ψ̄γµγ5ψ → ψ̄(1− iαγ5)γµγ5(1− iαγ5)ψ ' ψ̄γµγ5ψ (20)

Let us determine the mass term

Lm = −mψ̄ψ (21)

We can observe that it is invariant under UV (1) transformation but non invariant
under UA(1) transformation. So that this term brakes chiral symmetry of the
model Lagrangian.
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8.3 Chiral symmetry of QCD

Let us determine the QCD Lagrangian with the U(1)×SU(2f )×SU(3c) gauge
symmetry, with the quark flavor spinor

ψ =

(
u
d

)
(22)

Its Lagrangian is

L = ψ̄(i /D −M)ψ − 1

4
F aµνF

a,µν (23)

Dµ = ∂µ − iqcAµ, Fµν =
i

qc
[Dµ, Dν ] (24)

Aµ = Aaµt
a, [ta, tb] = ifabctc → su(3c)− algebra (25)

M =

(
mu 0
0 md

)
(26)

8.4 Chiral effective field theory
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