
3 Supersymmetric Invariant Lagrangian

3.1 SUSY applied on fields

As we know from SUSY algebra that 2 SUSY transformations results to space-
time transformation

{Qα, Q̄β̇} = 2σµ
αβ̇
Pµ (3.1)

The we assigne SUSY transformation on field function of spactime in a similar
fashion to spacetime translation, using unitary operation

U(a, θ, θ̄) = eia
µPµ+iθαQα+iθ̄α̇Q̄α̇ (3.2)

' 1 + iaµPµ + iθαQα + iθ̄α̇Q̄α̇ + ... (3.3)

where aµ is infinitesimal spacetime translation, θα, θ̇
α̇ are infinitesimal spinorial

parameters of SUSY transformation.
Let us first determine SUSY transformation on scalar field function φ(x), we

will have

φ(x)→ U(a, 0, 0)φ(x)U−1(a, 0, 0)

= φ(x)−+iaµ[Pµ, φ(x)] + ... = φ(x) + iaµPµφ(x) + ... (3.4)

→ δaφ(x) = iaµPµφ(x) (3.5)

φ(x)→ U(0, θ, θ̄)φ(x)U−1(0, θ, θ̄)

= φ(x) + iθα[Qα, φ(x)] + iθ̄α̇[Q̄α̇, φ(x)] + ...

= φ(x) + iθαQαφ(x) + iθ̄α̇Q̄α̇φ(x) + ... (3.6)

→ δφ(x) = iθαQαφ(x) + iθ̄α̇Q̄α̇ = δθφ(x) + δθ̄φ(x) (3.7)

The SUSY transformation on spinorial field function ψα(x) will be

δψα = iθβQβψα + iθ̄β̇Q̄β̇ψα = δθψα + δθ̄ψα (3.8)

We can have similar expressions from δψ̄α̇.
The possible value of δφ, δψα, δχ̄

α̇ will be determine from their mass dimen-
sions:

[Pµ] = M, [σµ] = 0→ [Q] = [Q̄] = M1/2, [θ] = [θ̄] = [M ]−1/2 (3.9)

[φ(x)] = M, [ψα] = [ψ̄α̇] = M3/2 (3.10)

Since SUSY do transform bosonic field into fermionic field rand vice versa, from
(3.7), we should have

δθφ(x) =
√

2θαψα(x) (3.11)

δθψα(x) = i
√

2σµ
αβ̇
θ̄β̇∂µφ(x) (3.12)
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Let us determine from (3.7)

[δ1, δ2]φ(x) = −
[
θ1Q+ θ̄1Q̄, θ2Q+ θ̄2Q̄

]
φ(x)

= −
(
θ1{Q, Q̄}θ̄2 − θ2{Q, Q̄}θ̄1

)
φ(x)

= −2
(
θ1σ

µθ̄2 − θ2σ
µθ̄1

)
Pµφ(x)

= 2i
(
θ1σ

µθ̄2 − θ2σ
µθ̄1

)
∂µφ(x) (3.13)

Similarly from (3.10), we will have

[δ1, δ2]φ(x) = δ1δ2φ(x)− δ2δ1φ(x)

=
√

2θ1δ2ψ(x)−
√

2θ2δ1ψ(x)

= 2i
(
θ1σ

µθ̄2 − θ2σ
µθ̄1

)
∂µφ(x) (3.14)

To be confident about the SUSY transformations (3.11) and (3.12), let us de-
termine a similar algebra of (3.14) for spinorial field ψα(x), as

[δ1, δ2]ψα(x) = δ1δ2ψα(x)− δ2δ1ψα(x)

= i
√

2σµαα̇θ̄
α̇
1 ∂µδ2φ(x)− i

√
2σµαα̇θ̄

α̇
2 ∂µδ1φ(x)

= 2iσµαα̇θ̄
α̇
1 θ

β
2 ∂µψβ(x)− 2iσµαα̇θ̄

α̇
2 θ

β
1 ∂µψβ(x) (3.15)

In order to rearrange σµαα̇θ̄
α̇
1 θ

β
2 → θβ2σ

µ
αα̇θ̄

α̇
1 we have to use what it is called Fierz

identities, which is 1

χ̄α̇ηα = −1

2
(ηβσµββ̇χ̄

β̇)σ̄µα̇α (3.16)

→ θ̄α̇1 θ
β
2 = −1

2
(θ2σµθ̄1)σ̄µα̇β , θ̄α̇2 θ

β
1 = −1

2
(θ1σµθ̄2)σ̄µα̇β (3.17)

Now (3.15) becomes

[δ1, δ2]ψα(x) = iσµαα̇(θ1σν θ̄2)σ̄να̇β∂µψβ(x)

−iσµαα̇(θ2σν θ̄1)σ̄να̇β∂µψβ(x)

= i
(
(θ1σν θ̄2)− (θ2σν θ̄1)

)
σµαα̇σ̄

να̇β∂µψβ(x)

= i
(
(θ1σν θ̄2)− (θ2σν θ̄1)

) (
2ηµνδβα − σναα̇σ̄µα̇β

)
∂µψβ(x)

= 2i
(
(θ1σ

µθ̄2)− (θ2σ
µθ̄1)

)
∂µψα

−i
(
(θ1σν θ̄2)− (θ2σν θ̄1)

)
σναα̇σ̄

µα̇β∂µψβ(x) (3.18)

The we have extra term for [δ1, δ2]ψα(x), when compared to (3.14). In order to
have the same algebra, we have to introduce an extra term in δψα(x) in (3.12),
to make cancellation of the extra term appear in (3.18), as

δψα(x) = i
√

2σµαα̇θ̄
α̇∂µφ(x) +

√
2θαf(x) (3.19)

1See a proof in lecture note by R. Gurio.
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where f(x) is known as auxiliary scalar field. Of course we have to write its
variation, using the fact that [f ] = M , in the form

δf(x) = i
√

2θ̄α̇σ̄
µα̇α∂µψα(x) (3.20)

Let us determine its contributions in the algebra of φ(x) and ψα(x) as

[δ1, δ2] =
√

2θα1 δ2ψα(x)−
√

2θα2 δ1ψα(x)

= ...+ 2(θ1θ2)f − 2(θ2θ1)f = ...+ 0 (3.21)

[δ1, δ2]ψα(x) = δ1δ2ψα(x)− δ2δ1ψα(x)

= ...+
√
θ1αδ2f −

√
2θ2αδ1f

= ...+ 2iθ1αθ̄2α̇σ̄
µα̇β∂µψβ(x)− 2iθ2αθ̄1α̇σ̄

µα̇β∂µψβ(x) (3.22)

Using Fierz identity χαη̄α̇ = 1
2 (χσµη̄)σµαα̇ to rewrite θ1αθ̄2α̇ and θ2αθ̄1α̇, we will

have

[δ1, δ2]ψα(x) = ...+ 0 (3.23)

We say that now the SUSY algebra is realized off-shell. Next let us determine

[δ1, δ2]f(x) = δ1δ2f(x)− δ2δ1f(x)

= i
√

2θ̄1α̇σ̄
µα̇α∂µδ2ψα − i

√
2θ̄2α̇σ̄

µα̇α∂µδ1ψα(x)

= −2θ̄1α̇σ̄
µα̇ασν

αβ̇
θ̄β̇2 ∂µ∂νφ(x) + 2iθ̄2α̇σ̄

µα̇ασν
αβ̇
θ̄β̇1 ∂µ∂νφ(x)

+2iθ̄1α̇σ̄
µα̇αθ2α∂µf(x)− 2iθ̄2α̇σ̄

µα̇αθ1α∂µf(x)

= 2i((θ̄1σ̄
µθ2)− (θ̄2σ̄

µθ1)∂µf(x)

≡ 2i
(
(θ1σ

µθ̄2)− (θ2σ
µθ̄2)

)
∂µf(x) (3.24)

after we have used the identity χ̄σ̄µη = −ησµχ̄.
To summarize, we will denote that the off-shell SUSY variation on fields

off-shell are

δφ(x) =
√

2θαψα(x) (3.25)

δψα(x) = i
√

2σµαα̇θ̄
α̇∂µφ(x) +

√
2θαf(x) (3.26)

δf(x) = i
√

2θ̄α̇σ̄
µα̇α∂µψα(x) (3.27)

3.2 SUSY invariant Lagrangian

The massless SUSY invariant Lagrangian within chiral multiplet (φ, ψ, f) sholud
appear in the form

L(φ, ψ, f) = ∂µφ
∗∂µφ+ iψ̄α̇σ̄

µα̇α∂µψα + f∗f (3.28)

S[φ, ψ, f ] =

∫
d4xL(φ, ψ, f)→ δS[φ, ψ, f ] = 0 (3.29)

3



but δL = ∂µF (φ, ψ, f) 6= 0, and
∫
d4x∂µF = 0 because of the boundary term.

Let us determine

δL = ∂µφ
∗∂µδφ+ ∂µδφ

∗∂µφ

+iψ̄σ̄µ∂µδψ + iδψ̄σ̄µ∂µψ + f∗δf + δf∗f

=
√

2∂µφ
∗(θ∂µψ) +

√
2(∂µψ̄θ̄)∂

µφ

−
√

2(ψ̄σ̄µ)(σν θ̄)∂µ∂νφ+
√

2(θσν σ̄µ∂µψ)∂νφ
∗

+i
√

2(ψ̄σ̄µθ)∂µf + i
√

2f∗(θ̄σ̄µ∂µψ)

+i
√

2f∗(θ̄σ̄µ∂µψ)− i
√

2(∂µψ̄σ
µθ)f

= 0 +
√

2∂µ(θσν σ̄µψ)∂νφ+ 0

+i
√

2∂µ(f∗(θ̄σ̄µψ))− i
√

2∂µ((ψσθ̄)f) + 0 (3.30)

Then δL appears as the total derivative, so the action is SUSY invariant.
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