3 Supersymmetric Invariant Lagrangian

3.1 SUSY applied on fields

As we know from SUSY algebra that 2 SUSY transformations results to space-
time transformation

{Qaa Qﬁ} = 2UZBP“ (31)

The we assigne SUSY transformation on field function of spactime in a similar
fashion to spacetime translation, using unitary operation

Ul(a,,0) = el Putif® Qu+i0" Qs (3.2)
~1+ia" P, +i0%Qn +i0°Qu + ... (3.3)

where a* is infinitesimal spacetime translation, 6, 6% are infinitesimal spinorial
parameters of SUSY transformation.

Let us first determine SUSY transformation on scalar field function ¢(x), we
will have

é(z) = U(a,0,0)p(z)U"*(a,0,0)
= ¢(x) — +ia" [Py, ¢(z)] + ... = ¢(z) + " P,op(z) + ... (3.4)
— dq0(x) = ia" Pyuo(x) (3.5)
d(z) — U(0,0,0)p(x)U~1(0,0,0)
= ¢(x) +i0°[Qa, ¢(2)] + i0%[Qa, ¢(x)] + ...
= ¢(x) + i0°Qud () 4+ i0%Qap(x) + ... (3.6)
— 6¢(x) = i0°Qad(x) +i0° Qs = dod(x) + dgo(x) (3.7)

The SUSY transformation on spinorial field function 1, (z) will be
o = i0°Qpth +i0°Q ytba = dotba + O5tha (38)

We can have similar expressions from §7)%.
The possible value of ¢, §1q, IX¢ will be determine from their mass dimen-
sions:

[P = M, [0"] =0 — [Q] = [Q] = M"/?,[6] = 0] = [M]~/? (3.9)
[p(x)] = M, [¢a] = [¢%] = M?/? (3.10)

Since SUSY do transform bosonic field into fermionic field rand vice versa, from
(3.7), we should have

Sop(z) = \/ﬁeéwa(x) (3.11)
Soa(w) = iV20" Béﬁam(a:) (3.12)



Let us determine from (3.7)

[61,02] ¢(z) = — [1Q + 61Q, 62Q + 62Q] ¢()
- - (91{Q7 Q}§2 - 92{@) Q}él) (b(x)
= -2 (910’”9_2 - 920“51) Pﬂ¢($)
=21 (010“@2 — 920"“01) (9”&5(33) (313)
Similarly from (3.10), we will have
[61,02] p(z) = 61026(x) — S2616(x)
= V201050 () — V2025,0()
= 2i (610"05 — 020"61) 0, ¢() (3.14)

To be confident about the SUSY transformations (3.11) and (3.12), let us de-
termine a similar algebra of (3.14) for spinorial field ¥, (), as

)

(

[01,02] Yo (z) = 010200 (x) — 6201900 (2)

= V308 B50,526(x) — V30" B0,616(x)

= 2i05d§?0§au¢ﬁ($> - 2i05a§39{36u¢6(37) (3.15)
n

In order to rearrange o, 0505 — 650" . 0% we have to use what it is called Fierz
identities, which is !

&, a 1 B\ =pcar
X" = =5 (0°0,55x")5" (3.16)
0705 = — (B0 B)5, G507 = L (610,,8)5" (3.17)
Now (3.15) becomes
[61,02] Yo (x) = iaga(olUuéz)ffudﬁaulZ’ﬁ(I)
—ioh (020,01)5" P 0, (x)
=1 ((910,,@2) — (920,,91)) Ugd(}ydﬂaul/}ﬁ(fl})
=1 ((Glayég) - (920,,91)) (277“”5§ — ogd(f”dﬁ) Ous(z)
=2 ((010”@2) — (920‘“@1)) 8u¢a
—1 ((9101,0_2) - (020’,,51)) O'Zda"ud’ga#wg(%) (318)

The we have extra term for [d1, d2]t), (2), when compared to (3.14). In order to
have the same algebra, we have to introduce an extra term in 1), (x) in (3.12),
to make cancellation of the extra term appear in (3.18), as

Sho () = iv/ 20" 090,0(x) + V20u f(x) (3.19)

1See a proof in lecture note by R. Gurio.



where f(z) is known as auziliary scalar field. Of course we have to write its
variation, using the fact that [f] = M, in the form

5f(x) = iV2046"0,1p0 () (3.20)
Let us determine its contributions in the algebra of ¢(z) and ¥, (x) as

[61,62) = V207 05¢00 () — V265 61p (x)
= ...+ 2(6162)f —2(02601)f =...+0 (3.21)
[01,02] Yo (x) = 010290 (x) — 020190 (2)
= o+ V01002 f — V202001 f
= oo+ 20010026520, 05 () — 20900145 0,05(2) (3.22)

Using Fierz identity x o7 = %(XU;LFI)UZ@ to rewrite 014624 and 0oqb14, we will
have

We say that now the SUSY algebra is realized off-shell. Next let us determine

[01,02] f () = 0102 f () — 0201 f (x)

= iV20,45" 0,090 — iV/20 egaaﬂwa 6194 (2)

- _2516,&#&%;5956”8@( ) + 2i0245" 0" 07 £9,0,6(z)
120014510200, f () — 2i0245"%%01,0,, f (x)

= 2i((616"05) — (625"61)0,. f (x)

=2 ((910“92) — (920“@2)) f(x)

x (3.24)

after we have used the identity xya#n = —notx.
To summarize, we will denote that the off-shell SUSY variation on fields
off-shell are

§p(x) = V20*¢a(2) (3.25)
Sa(z) = iV200,00,0(x) + V20, f(x) (3.26)
Sf(x) = V2055010 (x) (3.27)

3.2 SUSY invariant Lagrangian

The massless SUSY invariant Lagrangian within chiral multiplet (¢, ¥, f) sholud
appear in the form

L(p, 1), f) = 0,0 0" ¢ + 965" Oyipo + f* f (3.28)
Sléy, ] = / AL, 6, f) — 6S[b b, ] = 0 (3.20)



but 6L = 0,F(¢,v, f) # 0, and [ d*zd,F = 0 because of the boundary term.
Let us determine
5L = 0,4%0"6¢ + 0,000
+i)at 0,00 + 16" O + fFOf + S FF f
= V20,0"(00"9) + V2(0,40)0" ¢
—V2(5") (0" 0)0,0,6 + V200" 54 0,1)D, 6"
+iV2(15"0)0, f +iV2f* (05" D,0))
+iV2f*(0518,10) — iV2(d bt 0) f
= 04 V20,(00"5"0)d,d + 0
+iV/20,,(f*(05"9)) — ivV20,(($0) f) + 0 (3.30)

Then 6L appears as the total derivative, so the action is SUSY invariant.



