
4 Superspace and Superfields

4.1 Superspace

QFT spacetime coordinates is denoted as xµ = (t, ~x), its SUSY extension
can be formulated on superspace, introduced by Salam and Strathdee (1978),
with coordinates

(xµ, θα, θ̄α̇) (4.1)

where θα, θ̄α̇ are Grassmannian coordinates with spinor indices α, α̇. There
basic properties are

θ2 = θαθα = εαβθβθα = 2θ2θ1 = −2θ1θ2 (4.2)

θ̄2 = θ̄α̇θ̄
α̇ = εα̇β̇ θ̄

β̇ θ̄α̇ = −2θ̄2̇θ̄1̇ = 2θ̄1̇θ̄2̇ (4.3)

θαθβ =
1

2
εαβθ

2, θαθβ = −1

2
εαβθ2 (4.4)

θ̄α̇θ̄β̇ = −1

2
εα̇β̇ θ̄

2, θ̄α̇θ̄β̇ =
1

2
εα̇β̇ θ̄2 (4.5)

θαθ̄α̇ =
1

2
(θβσµββ̇ θ̄

β̇)︸ ︷︷ ︸
θσµθ̄

σµαα̇ (4.6)

∂αθ
β ≡ ∂θβ

∂θα
= δβα, ∂αθβ = −δαβ (4.7)

∂̄α̇θ̄
β̇ =

∂θ̄β̇

∂θ̄α̇
= δβ̇α̇, ∂̄

α̇θ̄β̇ = −δα̇
β̇

(4.8)

where (∂α)† = ∂̄α̇.
Superfunction Y (x, θ, θ̄) is defined to be analytic function on superspace.

Its infinitesimal supertranslation on superspace means

θ → θ + ε, θ̄ → θ̄ + ε̄ (4.9)

One can write

Y (x, θ + ε, θ̄ + ε̄)

= e−i(εQ+ε̄Q̄)Y (x, θ, θ̄)ei(εQ+ε̄Q̄) (4.10)

= e−i(εQ+ε̄Q̄)e−i(xp+θQ+θ̄Q̄)Y (0, 0, 0)ei(xp+θQ+θ̄Q̄)ei(εQ+ε̄Q̄) (4.11)
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Let us determine

ei(εQ+ε̄Q̄)ei(xp+θQ+θ̄Q̄) = ei(xP+(q+ε)Q+(Q̄+ε̄)Q̄)− 1
2

[θ̄Q̄,εQ]− 1
2

[θQ,ε̄Q̄]

= ei(xP+θQ+θ̄Q̄)−(εσµθ̄)Pµ−(θσµε̄)Pµ

= ei(x+i(εσµθ̄)+i(θσµε̄))Pµ+i(θ+ε)Q+i(θ̄+ε̄)Q̄ (4.12)

This means that the supertranslations result to the spacetime transformation
in the form

δθ = ε, δθ̄ = ε̄→ δxµ = i(θσµε̄) + i(εσµθ̄) (4.13)

From (4.11) we will have

δε,ε̄Y (x, θ, θ̄) = (iθσµε̄+ iεσµθ̄)∂µY (x, θ, θ̄)

+iεα∂αY (x, θ, θ̄) + iε̄α̇∂α̇Y (x, θ, θ̄) (4.14)

Similarly from (4.10), we can have

Y (x, θ + ε, θ̄ + ε̄)

= (1− i(εQ+ ε̄Q̄) + ...)Y (x, θ, θ̄)(1 + i(εQ+ ε̄Q̄) + ...)− Y (x, θ, θ̄)

= −iε[Q, Y ]− iε̄[Q̄, Y ] (4.15)

Let us define

[Y,Qα] = QαY, [Y, Q̄α̇] = Q̄α̇Y (4.16)

→ δε,ε̄Y = (iεQ+ ε̄Q̄)Y (4.17)

Under comparison with (4.14), we observe that

Qα = −i∂α − σµαβ̇ θ̄
β̇∂µ (4.18)

Q̄α̇ = +i∂̄α̇ + θβσµβα̇∂µ (4.19)

→ {Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0, {Qα, Q̄β̇} = 2σµ
αβ̇
Pµ (4.20)

4.2 Chiral superfields

Let us define the chiral operators

Dα = ∂α + iσµ
αβ̇
θ̄β̇∂µ (4.21)

D̄α̇ = ∂̄α̇ + iθβσµβα̇∂µ (4.22)

→ {Dα, D̄β̇} = 2iσµ
αβ̇
∂µ = 2σµ

αβ̇
Pµ (4.23)

2



The chiral superfield Φ(x, θ, θ̄) is defined to satisfy a condition

D̄α̇Φ(x, θ, θ̄) = 0 (4.24)

The anti-chiral superfield Φ̄(x, θ, θ̄) is defined to satisfy a condition

DαΦ̄(x, θ, θ̄) = 0 (4.25)

Let us define the chiral and anti-chiral coordinates, respectively, as

yµ = xµ + iθσµθ̄ → D̄α̇y
µ = 0 (4.26)

ȳµ = xµ − iθσµθ̄ → Dαȳ
µ = 0 (4.27)

So that the general form of chiral superfield can be written as

Φ(y, θ) = φ(y) +
√

2θψ(y)− 1

2
θ2F (y) (4.28)

From (4.26), with Taylor’s expansion for θ → 0, we have

Φ(x, θ, θ̄) = φ(x) + iθσµθ̄∂µφ(x)− 1

4
θθθ̄θ̄∂2φ(x)

+
√

2θψ(x)− i√
2
θθ∂µψ(x)σµθ̄ − θθF (x) (4.29)

Let us determine

δε,ε̄Φ(y, θ) = (iεQ+ iε̄Q̄)Φ(y, θ) (4.30)

Qα = −i∂α, Q̄α̇ = −i∂̄α̇ + 2θασµαα̇∂yµ (4.31)

→ δε,ε̄Φ(y, θ) = (εα∂α + 2iθασµ
αβ̇
ε̄β̇∂yµΦ(y, θ))

=
√

2εψ(y)− 2εθF (y) + 2iθσµε̄
(
∂yµφ(y) +

√
2θ∂yµψ(y)

)
=
√

2εψ(y) +
√

2θ
(
−
√

2εF (y) +
√

2iσµε̄∂yµφ(y)
)

−θθ
(
−i
√

2ε̄σ̄µ∂yµψ(y)
)

(4.32)

For SUSY invariant superfield δε,ε̄Φ(y, θ), then we have SUSY transforma-
tions on component fields in the form

δεφ =
√

2εψ (4.33)

δεψα =
√

2iσµ
αβ̇
ε̄β̇∂µφ−

√
2εαF (4.34)

δεF = i
√

2∂µψσ
µε̄ (4.35)
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A similar expression for anti-chiral superfield Φ̄(x, θ, θ̄) will be

DαΦ̄ = 0, ȳµ = xµ − iθσµθ̄ (4.36)

Φ̄(ȳ) = φ∗(ȳ) +
√

2θ̄ψ̄(ȳ)− θ̄θ̄F ∗(ȳ) (4.37)

After Taylor’s expansion, we have

Φ̄(x, θ, θ̄) = φ∗(x)− iθσµθ̄∂µφ∗(x)− 1

4
θθθ̄∂2φ∗(x)

+
√

2θ̄ψ̄(x) +
i√
2
θ̄θ̄θσµ∂µψ(x)− θ̄θ̄F ∗(x) (4.38)

And the supersymmetric variation δε,ε̄Φ̄ will be

δε̄φ
∗ =
√

2ε̄ψ̄ (4.39)

δε̄ψ̄ = −i
√

2εσµ∂µφ
∗ −
√

2ε̄F ∗ (4.40)

δε̄F
∗ = −i

√
2εσµ∂µψ̄ (4.41)

4.3 Chiral superfield Lagrangian

The kinetic term of chiral multiplet can be constructed from chiral superfield
in the form

Lkin =

∫
d2θd2θ̄Φ̄(x, θ, θ̄)Φ(x, θ, θ̄) = Φ̄Φ|θ̄θ̄θθ (4.42)

Let us determine

Φ̄(x, θ, θ̄)Φ(x, θ, θ̄) = [φ∗(x) +
√

2θ̄ψ̄(x)− θ̄θ̄F ∗(x)− iθσµθ̄∂µφ∗(x)

−1

4
θθθ̄θ̄∂2φ∗(x) +

i√
2
θ̄θ̄θσµ∂µψ̄][φ(x) +

√
2θψ(x)− θθF (x)

+iθσµθ̄∂µφ(x)− 1

4
θθθ̄θ̄∂2φ(x)− i√

2
θθ∂µψ(x)σµθ̄] (4.43)

→ Φ̄Φ|θθθ̄θ̄ = θθθ̄θ̄

(
−1

2
φ∗∂2φ+

i

2
(ψ̄σ̄µ∂µψ − ∂µψ̄σ̄µψ) + F ∗F

)
(4.44)

So that

Lkin = ∂µφ
∗(x)∂µφ(x) +

i

2
(ψ̄(x)σ̄µ∂µψ(x)− ∂µψ̄(x)σ̄µψ(x))

+F ∗(x)F (x) + total derivative (4.45)
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This is known as Wess-Zumino model. A more general kinetic term can
be constructed from the Kahler superpotential K(Φ̄,Φ), a polynomial of its
argument, in the form

K(Φ̄,Φ) =

N,M∑
n,m=1

cnmΦ̄nΦm (4.46)

Lkin =

∫
d2θd2θ̄K(Φ̄,Φ) = K(Φ̄,Φ)|θ̄θ̄θθ (4.47)

Its simplest form K(Φ̄,Φ) = Φ̄(x, θ, θ̄)Φ(x, θ, θ̄) is called canonical Kahler
superpotential. and results to Wess-Zumino model above.

The interaction term can be derived from the superpotentialsW (Φ), W̄ (Φ̄),
in the form

Lint =

∫
d2θW (Φ) +

∫
d2θ̄W̄ (Φ̄) = W (Φ)|θθ + W̄ (Φ̄)|θ̄θ̄ (4.48)

Let us determine the Taylor’s expansion of W (Φ) about the scalar field com-
ponent as

W (Φ) = W (φ+
√

2θψ − θθF )

= W (φ) +
√

2
∂W

∂φ
θψ − θθ

(
∂W

∂φ
F +

1

2

∂2W

∂φ∂φ
ψψ

)
(4.49)

→ W (Φ)|θθ = −∂W
∂φ

F − 1

2

∂2W

∂φ∂φ
ψψ (4.50)

Note that we have use the fact that θαψαθ
βψβ = −1

2
θαθαψ

βψβ. Therefore

Lint = −∂W
∂φ

F − 1

2

∂2W

∂φ∂φ
ψψ + h.c. = −WφF −

1

2
Wφφψψ + h.c. (4.51)

The total Lagrangian, with the canonical Kahler superpotential, becomes

L = Φ̄Φθ̄θ̄θθ +W (Φ)|θθ + W̄ (Φ̄)|θ̄θ̄
= ∂µφ

∗∂µφ+
i

2
(∂µψσ

µψ̄ − ψσµ∂µψ̄) + F ∗F

−WφF −
1

2
Wφφψψ − W̄φ̄F

∗ − 1

2
W̄φ̄φ̄ψ̄ψ̄ (4.52)

The EOM of the scalar field F, F ∗, from Euler-Lagrange equation, becomes

F ∗ = Wφ, F = W̄φ̄ (4.53)
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Bach insertion into (4.48), we get

L = ∂µφ
∗∂µφ+

i

2
(∂µψσ

µψ̄ − ψσµ∂µψ̄)

−|Wφ|2 −
1

2
Wφφψψ −

1

2
W̄φ̄φ̄ψ̄ψ̄ (4.54)

There appears a non-trivial scalar potential in the form

V (φ, φ∗) = |Wφ|2 (4.55)

For example of interacting Wess-Zumino model, with the superpotential

W (Φ) =
1

2
mΦ2 → Lint = −m2φ∗φ− 1

2
mψψ − 1

2
mψ̄ψ̄ (4.56)

It is the mass term.

4.4 Vector superfield

The real vector superfield V (x, θ, θ̄), with a condition V † = V , its possible
component fields are

V (x, θ, θ̄) = C(x) + iθχ(x)− iθ̄χ̄(x) + θσµθ̄vµ(x)

+
i

2
θθB(x)− i

2
θ̄θ̄B∗(x)

+iθθθ̄

(
λ̄(x) +

i

2
σ̄µ∂µχ(x)

)
−ī̄θ̄θ̄θ

(
λ(x) +

i

2
σµ∂µχ̄(x)

)
+

1

2
θθθ̄θ̄

(
D(x)− 1

2
∂2C(x)

)
(4.57)

Note that real bosonic fields (C,M,N, vµ, D) gives 8 bosonic degrees fo free-
dom, while the fermionic fields (χ, λ) give 8 fermionic degrees of freedom.

Let us apply with the supergauge transformation of the form

V → V + i(Φ∗ + Φ), (4.58)
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where Φ = (φ, ψ, F ) is chiral superfield, we will observe the transformations

C → C + i(φ∗ + φ) (4.59)

χ→ χ− i
√

2ψ (4.60)

B → B − iF (4.61)

vµ → vµ + ∂µ(φ+ φ∗) (4.62)

λ→ λ (4.63)

D → D (4.64)

In order to get gauge invariant vector field model, we have to choose (C =
0, χ = 0, B = 0) components, this is called Wess-Zumino gauge condition.
From (4.57) we will have

V (x, θ, θ̄) = θσµθ̄vµ(x) + iθθθ̄λ̄(x)− iθ̄θ̄θλ(x) +
1

2
θθθ̄θ̄D(x) (4.65)

or simply as V = (vµ, λ, λ̄, D). SUSY variations of these component fields
are

√
2δεv

µ = εσµλ̄− ε̄σ̄µχ (4.66)
√

2δελ = εD +
i

2
σµσ̄ν(∂µvν − ∂νvµ) (4.67)

√
2δεD = εσµ∂µλ+ ε̄σ̄µ∂µλ (4.68)

4.5 Supersymmetric vector (gauge) field Lagrangian

In order to construct SUSY invariant vector field Lagrangian, we have to
construct the super-field strength tensor of the form

Wα = −1

4
D̄D̄DαV, W̄α̇ = −1

4
DDD̄α̇V (4.69)

We can observe that they are invariant under super-gauge transformation

Wα → Wα −
i

4
D̄D̄Dα(Φ̄ + Φ) = 0 (4.70)

W̄α̇ → W̄α̇ −
i

4
DDD̄α̇(Φ̄ + Φ) = 0 (4.71)

From (4.65) and (4.69) we will have

Wα = −iλα + θαD + i(σµνθ)αFµν + θθ(σµ∂µλ̄)α (4.72)
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with Fµν = ∂µvν − ∂νvµ. Now determine∫
d2θWαWα = WαWα|θθ = −1

2
FµνF

µν − 2iλσµ∂µλ̄+D2

+
i

4
εµνρσFµνFρσ (4.73)

One thus finally have

Lgauge =
1

4
WαWα|θθ +

1

4
W̄ α̇W̄α̇|θ̄θ̄

= −1

4
FµνF

µν + iλσµ∂µλ̄+
1

2
D2 (4.74)

This an abelian supersymmetric gauge field Lagrangian.
For the case of non-abelian supersymmetric gauge field, we will have

V = V aT a, a = 1, 1, ..., dim(G) (4.75)

where {T a} is a set of generators of gauge group G of dimension dim(G).
The super-gauge transformation will be written in the form

eV → eiΦ
∗
eV e−iΦ (4.76)

Within the Wess-Zumino gauge fixing condition the vector superfield, we will
have the fact that

eV = 1 + V +
1

2
V 2 (4.77)

The super-field strength tensor are now written in the form

Wα = −1

4
D̄D̄

(
e−VDαe

V
)
, W̄α̇ = −1

4
DD

(
eV D̄α̇e

−V ) (4.78)

Under the super-gauge transformation

Wα → −
1

4
D̄D̄

(
eiΦe−V e−iΦ

∗
Dαe

iΦ∗
eV e−iΦ

)
= −1

4
eiΦD̄D̄

(
e−VDαe

V
)
e−iΦ = eiΦWαe

−iΦ (4.79)

Similarly

W̄α̇ → eiΦ
∗
W̄α̇e

−iΦ∗
(4.80)
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Now from (4.77), let us determine

Wα = −1

4
D̄D̄

[(
1− V +

1

2
V 2

)
Dα

(
1 + V +

1

2
V 2

)]
= −1

4
D̄D̄DαV −

1

8
D̄D̄DαV

2 +
1

4
D̄D̄V DαV

= −1

4
D̄D̄DαV −

1

8
D̄D̄V (DαV )− 1

8
D̄D̄(DαV ) · V +

1

4
D̄D̄V DαV

= −1

4
D̄D̄DαV +

1

8
D̄D̄[V,DαV ]︸ ︷︷ ︸
additional term

(4.81)

Let us determine the additional term

1

8
D̄D̄[V,DαV ] =

1

2
(σµνθ)α[vµ, vν ]−

i

2
θθσµ

αβ̇
[vµ, λ̄

β̇] (4.82)

Then we have

Wα = −iλα + θαD + i(σµνθ)αFµν + θθ(σµDµλ̄)α (4.83)

with Fµν = ∂µvν − ∂νvµ −
i

2
[vµ, vν ], Dµ = ∂µ −

i

2
[vµ, ] (4.84)

Insertion of gauge coupling constant, let us modify V → 2gV which results
to

vµ → 2gvµ, λ→ 2gλ, D → 2gD

and then

Fµν = ∂µvν − ∂νvµ − ig[vµ, vν ], Dµ = ∂µ − ig[vµ, ]

The non-abelian supersymmetric gauge field (super Yang-Mills) Lagrangian
is then written in the form

Lsusy−YM =
1

4

∫
d2θTr [WαWα] = Tr

[
−1

4
FµνF

µν − iλσµDµλ̄+
1

2
D2

]
(4.85)
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