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13 Spinor-Helicity Amplitude

13.1 Weyl spinors

From massless Dirac equation

i/∂ψ(x) = 0 (13.1)

where /∂ = γµ∂µ and γµ is Dirac gamma matrix satisfy Clifford algebra {γµ, γν} =
2ηµν . In Dirac representation of the gamma matrix, i.e.

γ0 = β, γi = βαi, i = 1, 2, 3

β =

(
12 0
0 −12

)
, αi =

(
0 σi

σi 0

)
when 12 is 2x2 identity and {σi} is a set of Pauli matrices, we cannot find
a different solutions of Dirac positive energy U(p) and negative energy V (p)
spinors, since they satisfy the same equation. On contrary we can have in Weyl
representation of the Gamma matrix

γµ =

(
0 σµ

σ̄µ 0

)
, σµ = (12, ~σ) and σ̄µ = (12,−~σ) (13.2)

Let us start with positive energy solution, with trial function

ψ(x) ∝ U(p)e−ip·x
(13.1)−−−−→ pµγ

µU(p) = 0 (13.3)

U(p) =

(
u1
u2

)
(13.2)−−−−→

(
0 pµσ

µ

pµσ̄
µ 0

)(
u1
u2

)
= 0 (13.4)

7→ pµσ̄
µu1 = (E + ~σ · ~p)u1 = 0 (13.5)

pµσ
µu2 = (E − ~σ · ~p)u2 = 0 (13.6)

Since pµ is a null momentum, i.e. p2 = E2−~p2 = 0 7→ E = |~p|, and by definition
of helicity operator

ĥ =
~σ · ~p
|~p|

(13.7)

Then we have from (13.5,6)

(1 + ĥ)u1 = 0 7→ ĥu1 = −u1 (13.8)

(1− ĥ)u2 = 0 7→ ĥu2 = +u2 (13.9)
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From this u1 is said to be left-handedness spinor, and u2 is said to be right-
handedness spinor. The spinor symbols and indices are assigned in the form

u1 = ψα, α = 1, 2 and u2 = η̄α̇, α̇ = 1̇, 2̇ (13.10)

Note that

(ψα)† = ψ̄α̇, (η̄α̇)† = ηα (13.11)

On the other hand we can lift or lower spinor index by using total anti-symmetric
tensor as

ψα = εαβψβ , ψα = εαβψ
β (13.12)

η̄α̇ = εα̇β̇ η̄
β̇ , η̄α̇ = εα̇β̇ η̄β̇ (13.13)

where

ε12 = 1 = −ε21 = −ε12 = ε21 and ε1̇2̇ = 1 = −ε2̇1̇ = −ε1̇2̇ = ε2̇1̇

We also assign spinor indices to the gamma matrix in the form

σµ 7→ σµαα̇
(13.6)−−−−→ pµσ

µ
αα̇η̄

α̇ = 0 (13.14)

σ̄µ 7→ σ̄µα̇α
(13.5)−−−−→ pµσ̄

µα̇αψα = 0 (13.15)

From (13.4) one can write Dirac U spinor in the form

U =

(
ψα
η̄α̇

)
(13.16)

Its Dirac conjugation is

γ0 =

(
0 1
1 0

)
7→ Ū = U†γ0 =

(
ηα ψ̄α̇

)
(13.17)

Then we can observe the orthonomality and completeness relations as

ŪU = ηαψα + ψ̄α̇η̄
α̇ = 1 (13.18)

UŪ =

(
ψαη

α ψαψ̄α̇
η̄α̇ηα η̄α̇ψ̄α̇

)
= /p =

(
0 pµσ

µ

pµσ̄
µ 0

)
(13.19)

7→ pµσ
µ
αα̇ = pαα̇ = ψαψ̄α̇ (13.20)

pµσ̄
µα̇α = pα̇α = η̄α̇ηα (13.21)

and the other two products are zero. We can define the helicity projection
operator in the form

γ5 = iγ0γ1γ2γ3 =

(
−12 0

0 12

)
7→ PR =

1

2
(14 + γ5) =

(
0 0
0 12

)
(13.22)

PL =
1

2
(14 − γ5) =

(
12 0
0 0

)
(13.23)
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From (13.16) we will have

UR = PRU =

(
0
η̄α̇

)
, UL = PLU =

(
ψα
0

)
(13.24)

7→ ŪR =
(
ηα 0

)
, ŪL =

(
0 ψ̄α̇

)
(13.25)

The negative energy V spinor is defined in the form

V =

(
v1
v2

)
, v1 = u2, v2 = u2 7→ V =

(
η̄α̇

ψα

)
(13.26)

V̄ =
(
ψ̄α̇ ηα

)
, VR =

(
η̄α̇

0

)
, VL =

(
0
ψα

)
(13.27)

13.2 Spinor brackets

To be more practical we may define spinor bravkets in the form

p〉 = UL(p) =

(
ψα(p)

0

)
≡ VR(p) =

(
0

ψα(p)

)
(13.28)

〈p = ŪR(p) =
(
ηα(p) 0

)
≡ V̄L(p) =

(
0 ηα(p)

)
(13.29)

p] = UR(p) =

(
0
η̄α̇

)
≡ VL(p) =

(
η̄α̇(p)

0

)
(13.30)

[p = ŪL(p) =
(

0 ψ̄α̇(p)
)
≡ V̄R(p) =

(
ψ̄α̇(p) 0

)
(13.31)

Let us determine their inner (scalar) products

〈pq〉 = ŪR(p)UL(q) = ηα(p)ψα(q) ≡ V̄L(p)VR(q) (13.32)

[pq] = ŪL(p)UR(q) = ψ̄α̇(p)η̄α̇(q) ≡ V̄R(p)VL(q) (13.33)

〈pq] = ŪR(p)UR(p) = 0 = V̄L(p)VL(q) (13.34)

[pq〉 = ŪL(p)UL(q) = 0 = V̄R(p)VR(q) (13.35)

Note the anti-symmetric property

〈pq〉 = ηα(p)ψα(q) = εαβηβ(p)ψα(q) = −εαβψα(q)ηβ(p)

= −ψβ(q)ηβ(p) = −〈qp〉 (13.36)

7→ 〈pp〉 = 0 (13.37)

Also [pq] = −[qp] 7→ [pp] = 0 (13.38)

Their outer products

p〉〈q = UL(p)ŪR(q) = ψα(p)ηα(q) = 0 = VR(p)V̄L(q) (13.39)

p][q = UR(p)ŪL(q) = η̄α̇(p)ψ̄α̇(q) = 0 = V L(p)V̄L(q) (13.40)

p〉[q = UL(p)ŪL(q) = ψα(p)ψ̄α̇(q) ≡ VR(p)V̄R(q) (13.41)

p]〈q = UR(p)ŪR(q) = η̄α̇(p)ηα(q) ≡ VL(p)V̄L(q) (13.42)
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The inner products with gamma matrix

〈pγµq] = ŪR(p)γµUR(q) = ηα(p)σµαα̇η̄
α̇(q) (13.43)

[pγµq〉 = ŪL(p)γµUL(q) = ψ̄α̇(p)σ̄µα̇αψα(q) (13.44)

〈pγµq〉 = ŪR(p)γµUL(q) = 0 (13.45)

[pγνq] = ŪL(p)γµUR(q) = 0 (13.46)

Let us determine

〈pγµq]〈rγµs] = ηα(p)σµαα̇ψ̄
α̇(q)λβ(r)σµββ̇χ̄

β̇(s)

= ηα(p)ψ̄β̇(q)λβ(r)χ̄β̇(s)2εαβεα̇β̇ = −2ηα(p)λα(r)ψ̄β̇(q)χ̄β̇(s)

= −2〈pr〉[qs] = 2〈pr〉[sq] (13.47)

〈pγµq]〈qγµp] = 2〈pq〉[pq] 7→= 2|〈pq〉|2 (13.48)

After we have used the fact that σµαα̇σµββ̇ = 2εαβεα̇β̇ and [pq] = 〈pq〉∗.

13.3 Spinor representation of vectors

13.3.1 Spinor representation of 4-momentum pµ

From (13.19-21), one can write in more details as

pµσ
µ
αα̇ = pαα̇ =

(
p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3

)
(13.49)

=

(
p− −p−⊥
−p+⊥ p+

)
≡ λα(p)λ̄α̇(p) (13.50)

7→ det pαα̇ = (p0)2 − (p1)2 − (p2)2 − (p3)2 = p2 = 0 (13.51)

where p− = p0−p3, p+ = p0 +p3, p−⊥ = p1− ip2, p+⊥ = p1 + ip2. One can make
a quest of λα(p) to satisfy (13.45) in the form

λα(p) =
1√
p+

(
−p−⊥
p+

)
= p〉 (13.52)

7→ λ̄α̇(p) = (λα(p))† =
1√
p+

(
−p+⊥ p+

)
= [p (13.53)

λα(p) = εαβλβ =
1√
p+

(
−p+ −p−⊥

)
= 〈p (13.54)

λ̄α̇(p) = εα̇β̇λ̄β̇ =
1√
p+

(
p+

p+⊥

)
= p] (13.55)
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Let us determine

〈pq〉 [qp] = λα(p)µα(q)µ̄β̇(q)µ̄β̇(p)

=
1

p+q+
(p+q−⊥ − p

−
⊥q

+)(−q+⊥p
+ + q+p+⊥)

= −p
+

q+
[q−⊥q

+
⊥] + q−⊥p

+
⊥ + p−⊥q

+
⊥ −

q+

p+
[p−⊥p

+
⊥]

= −p
+

q+
[(q1)2 + (q2)2] + 2p1q1 + 2p2q2 − q+

p+
[(p1)2 + (p2)2]

= 2q1p1 + 2q2p2 − q+(p0 − p3)− p+(q0 − q3)

= −2q0p0 + 2q1p1 + 2q2p2 + 2q3p3 = −2p · q (13.56)

13.3.2 Spinor representation of 4-polarization εµ

Photon polarization vectors are εµ+/−(k), their spinor representations are defined

in the form

εµ+(k, r) = − 〈rγ
µk]√

2〈kr〉
and εµ−(k, r) = − 〈kγ

µr]√
2[rk]

(13.57)

where rµ is an arbitrary reference momentum in which r ·k 6= 0. We can observe
their transversality with kµ as

kµε
µ
+(k, r) = − 〈r

/kk]√
2〈kr〉

= −〈rk]〈kk] + 〈rk〉[kk]√
2〈kr〉

= 0 (13.58)

kµε
µ
−(k, r) = − 〈k

/kr]√
2[rk]

= −〈kk〉[kr] + 〈kk]〈kr]√
2[rk]

= 0 (13.59)

After we have used the completeness relation of Dirac U spinor∑
h=R/L

Uh(p)Ūh(p) = p〉[p+ p]〈p = /p

With the basic property εµ∗± (k, r) = εµ∓(k, r), we can observe the completeness
relation as ∑

h=±

εµh(k, r)εν∗h (k, r) = εµ+(k, r)εν∗+ (k, r) + εµ−(k, r)εν∗− (k, r)

= εµ+(k, r)εν−(k, r) + εµ−(k, r)εν+(k, r) =
〈rγµk]〈kγνr]

2〈kr〉[rk]
+
〈kγµr]〈rγνk]

2[rk]〈kr〉

=
1

2〈kr〉[rk]

{
λα(r)σµαα̇ψ̄

α̇(k)λβ(k)σν
ββ̇
λ̄β̇(r)

+ψα(k)σµαα̇λ̄
α̇(r)λβ(r)σν

ββ̇
ψ̄β̇(k)

}
=

1

2〈kr〉[rk]

{
−ηµνλα(r)ψα(k)ψ̄β̇(k)λ̄β̇(r)

−ηµνψα(k)λα(r)λ̄β̇(r)ψ̄β̇(k)
}

= −ηµν (13.60)
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13.4 Spinor-helicity amplitudes of QED

Figure 13.1: t-channel Bhabha scattering.

The t-channel Bhabha scattering appear in figure (13.1), an expression of its
amplitude is

iMt(h1, h2, h3, h4)− = (−ie)2Ū(3)γµU(1)
−iηµν
t

V̄ (2)γνV (4)

= i
e2

t
Ū(3)γµU(1)V̄ (2)γµV (4) (13.61)

where we have denoted U/V (i) = U/V (pi, hi). The non-zero terms are list
below

iMt(+ +−−) = i
e2

t
ψα(p3)σµαα̇λ̄

α̇(p1)ψβ(p2)σµββ̇λ̄
β̇(p4)

= i
e2

t
〈p3γµp1]〈p2γµp4] = −2i

e2

t
〈p2p3〉[p1p4] (13.62)

iMt(−−++) = i
e2

t
λ̄α̇(p3)σ̄µα̇αψα(p1)λ̄β̇(p2)σ̄β̇βµ ψβ(p4)

= i
e2

t
[p3γ

µp1〉[p2γµp4〉 = −2i
e2

t
〈p2p3〉[p1p4] (13.63)

iMt(+−+−) = i
e2

t
ψα(p3)σµαα̇λ̄

α̇(p1)λ̄β̇(p4)σ̄β̇βµ ψβ(p4)

= i
e2

t
〈p3γµp1][p2γµp4〉 = −2i

e2

t
〈p3p4〉[p2p1] (13.64)

iMt(−+−+) = i
e2

t
λ̄α̇(p3)σ̄µα̇αψα(p1)ψβ(p2)σµββ̇λ̄

β̇(p4)

= i
e2

t
[p3γ

µp1〉〈p2γµp4] = −2i
e2

t
[p3p4]〈p2p1〉 (13.65)
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The mean amplitudes squared are

|Mt(+ +−−)|2 =
e4

t2
〈p2p3〉[p3p2][p1p4]〈p4p1〉

= 4
e4

t2
(p1 · p3)(p2 · p4) = e4 = |M(−−++)|2 (13.66)

|Mt(+−+−)|2 =
e4

t2
〈p3p4〉[p4p3][p2p1]〈p1p2〉

= 4
e4

t2
(p3 · p4)(p1 · p2) = e4

s2

t2
= |Mt(−+−+)|2 (13.67)

Finally we will have

|Mt|2 = e4
(
s2 + t2

t2

)
(13.68)
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