1 Green’s Functions

Let ¢(z,t) be second quantized state function operator, staisfy Heisenberg
equation

iat@(xv t) = [(p(l’, t)v H]
where H is system Hamiltonian, normally in second quantized form. The
many-body Green’s function will be constructed from ¢(z,t), and pertur-
bation theory will be developed for the interaction, with diagrammatic ap-
proach.

1.1 Definition

The causal Green’s function is define as

iG(z, t;2',t') = (Tlp(z, ) (', 1)) (1)
= 0(t — ') {p(z, )" (@', ) £ 0" — ) {p" (2, 1)p(x, 1)) (2)
= iG” (z, t; 2 ) £iG<(x, t; 2, 1) (3)

where (...) is quantum expectation with respect to system ground state, T' is
time ordering operator, and =+ signs result from bosonic/fermionic operators,
respectively.

The retarded and advanced Green’s functions are defined as

Gz, t 2! ) = (t — ) {[p(, 1), " (@', 1))5) (4)

iGA (a2, 1') = 0(t' = t)([p(x, 1), ' (2, )] ) (5)

where [...]+ means commutator/anti-commutator for bosonic/fermionic op-
erators, respectively.

The causal Green’s function is suitable for doing formulation, especially

of perturbation theory, while the retarded Green’s function has many appli-
cations in condensed matter theories. They are related as

GR(:U,t; 2 ) =0(t—-1t) (G> (z,t;2' 1) — G=(x,t; x',t')) (6)

1.2 Non-interacting Green’s function

Let us determine the retarded Green’s function from (4), and apply with
the expansion

plant) = Y anon@). (o) = =™ (1)
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Let us define
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iGE(z, t;2 1) =
— G (t—t') = 0(t — ') {([ar(t), al, ()] 5)

1.2.1 Free fermions

Here we have
H = Z‘Skczcb Sk = €x — 1, {Ck:,CL} = O
k
cr(T) = eflepe ™ 5 idiep(t) = [cr(t), H] = Excp(t)
— cp(t) = e Rty cL(t) = eiéktcl
From (10) we have
Gl (¢ — 1) = 0t — )57 (el ))
=0(t — e kg = iGR (K, t — )
Using identity
, i e—iw(t—t’) N
0t —t) = — [dwS"——— 50
( ) 277/ “ w+in ' K

and apply the Fourier transformation

iGR(k,t — 1) = 2i / dwe =GR (L, w)
i
1

() w— & +in
1.2.2 Free bosons
Here we have
H = qubjzbm [bg, bi,/] = bqq
q
by(t) = ethbqe_th — 10;bg(t) = [bg(t), H] = wqbqy(t)
— by(t) = e ™albgy, bl(t) = e™a'b]
ag = by + b1 af = bl +b_g = [ag,al,] = [bg, 0}, + b1, b_y]
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From (10), with a bit change of notation, we have
iDR,(t = 1) = 0t — 1) (et ( (b, bl ]) + et (b b))
=0t — 1) (7= = =) 6 — iDR (k)3 (21)

Apply the Fourier transformation, and using identity of the step function,
we have

iDR(q,t — 1) = QL /dwe_i‘”(t_t/)DR(q,w) (22)

™

DRguw) = ——— e = (23)
w—wg+in whwgtin  w?—w?

1.3 Spectral functions

Let us define |¢)Y) be a ground state of N-fermions system, from (10), we
can have

iG" (kyt — 1) = 0(t — ') (g [{er(®), e (¢) } ")
=0t — ) (W len @) () + @ leh @ )er@®)lu))
=0t =) > (Wb e N )N e () lug))
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el Ol ) WY Hen(®)lv))
00— )Y (e T B i

—i N—1_ 7Ny (4/_ _
e BT B0 (o [ 1) 2) (24)

Apply with Fourier transformation, we have

GR(,C,M):Z< N o 700 GO (7 o >(25)

w— (ENTV—ENy+in  w+ (BN '—EY)+in
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Note that
BN B = (BN - B+ (B B —atn (29)
ENT'—EY =BV —E ) — (BN —Ef ) = —p (27)



Let us define spectral function
plk,w) =D [ ey o) Po(w — e — )
+ 3 1@ e o — e + w)

Then we have from (25)

p(k,w")
w—w +1in

GP (ke w) = / d

For free fermions we have p(k,w = §(w — & ). From identity

1 (1) 1, g
T i P <a:> imé(z) — plk,w) = 7TImG (k,w)

1.4 Thermal averaged Green’s function

Let there be statistical operator

1
= _’BK = — = —
p=e"", B kBT’K H —uN
= Z=Trlp) = 3 (W le K fuy) = 3 Mo
N,n Nn
((0)) = fTr [0O] = —Z by le PROp)Y)
Nn

Thermal averaged Green’s function is defined as
. 1 _
Gl t,1') = ((Gks,#))) = —i Tr [P Tla(t)al ()]

Apply Wick’s rotation ¢t — 7 = it, so that

Kt _t

ap(t) = eBXlape ™K & qp (1) = eKTake_KT,aL(T) =e"Tae”

From (34), we have
~ 1
Glkit.t) = Gkir,7') = =2 Tr e Tlag()al ()]
1 _ T —K(t—1' —K7'
T

— —%TT‘ |:6—5KT[€K(T_T’)ak —K(r—71") T]} g(k S 7_)
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Now let 7/ = 0,7 € [-8, (]., from (36) we have

1
G(k,7) = = Tr [ Tlan(r)al (0)]]
1
= —ETT [eK(Tfﬁ)ake*KTaH , T>0 (37)

Note that

1
Gk,7+B) = —ETT [eKTake_K(TJrﬂ)aH , T>0

- —%Tr [e_KBaL (eKTake_KT)}
" (—Tr [e—ﬂKak(T)a;(O)D — +G(k, 7) (38)

A similar result can be obtained for 7 < 0. We observe periodicity £+ of
bosnonic/fermionic thermal averaged Green’s function.
Since T € [—f3, (], we apply Fourier transformation of G(k, 7) in the form

“+oo
g(k,f):; > e Gk, ivy) (39)
n:—ooﬂ |
g(k,iyn):/ dre"""G(k, 1) (40)
0

where v, is known as Matsubara frequency, is defined to capture periodicity
of the thermal averaged Green’s function, as

v = { ( 2nm, bosons (41)

2n+ 1)m, fermions

In case of free fermions, we do have

H = ZﬁkCLCk, Sk = €x — b (42)
k
Gk, 7) = =0(7){({ex (), cL(0)})) = —0(7)e 5 (43)
B . B )
G(k,ivy,) = /0 dre"""G(k,T) = /0 dre’nT T
1
- wn — &k (44)

We observe the real to imaginary frequency, under thermal averaging, of the
Green’s function as
w0 — iy



Therefore, the thermal averaged free bosonic Green’s function will appear
in the form

. 2wy
D(q,ivy) = (o) — w2 (45)
1.5 Interacting system
System Hamiltonian is
H=Hy+V (46)

Define unitary operator

U(t) = et Uy(t) = e ot (47)

Solution is derived by infinite iterations. Using identity

t t1 tn—1
/ dtq / dts... / dtn‘/j(tl)...V[(tn)
0 0 0

1ot

From (51) we have

o =1+ CF e [ anawi-vie) 69
n=1
=Texp {—z’ /0 dt/VI(t/)} (54)

From definition of imaginary time Green’s function

Tr T[e_BKak(T)aL(O)]} Tr [T[e‘ﬁKeKTaIk(T)e_KTa}k(O)]}
Gk, 7) =~ Tr [e=BK] T Tr[e=PK]
T[T 0arsnal, O]
- Tr[U1(8,0)] (%)




Now let us determine

Tr[U;(B,0)] = Tr [Texp{ / drVi(r H_HZD

d .. dTnT’I“ Vi(71)..Vi(m)]] (56)

_iy 8 A
Cn = Sl /0 dT{..-/O dr, Tr [T[al,k(T)a}k(O)Vf(T{)"'VI(T’,‘)]] (59)

n!

From diagrammatic analysis, we will observe that D,, are all represented by
disconnected diagrams, and

CO + Z C, = (CO + Z Cn,,connected) X Dn (60)

From (55), we will have

—g(k‘, T) = _gO(k,’ T) + Z Cn,connected (61)

n=1

See figure (1)

1.6 Self-energy

From diagram in figure (10) one can write the interacting Green’s function
in term of perturbation series as

G=G"+G"%G° + G'2GSG0 + ... = GY + GG (62)
1-G2)G=G"-G1=G""1-% (63)
Since (G%) 7! = w — & + in, so that
1
w—& — X(k,w) +in

See figure (2) for diagrammatic representation of o.

G(k,w) =




Figure 1: Diagrammatic representation of interacting Green’s function.
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Figure 2: Self-energy diagrams.

1.7 Vertex
See figure (3)
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Figure 3: Vertex diagrams.

1.8 Screened interaction

See figure (4)
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Figure 4: Screened interaction diagrams.



